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INTRODUCTION
T h is  t h e s i s  d e a l s  w ith  th e  c o n c e p t o f  a  to p o lo g ic a l  g ro u p , and 
more p a r t i c u l a r l y ,  w ith  l o c a l l y  com pact g ro u p s . C h a p te r  I  e s t a b l i s h e s  
some p r e l im in a r y  p r o p e r t i e s  o f  to p o lo g ic a l  g ro u p s . I n  C h a p te r  I I ,  t h e  
e x is te n c e  o f  a  r i g h t  i n v a r i a n t  i n t e g r a l  on l o c a l l y  com pact g ro u p s  i s  
p ro v e d . U s in g  t h i s  i n t e g r a l ,  some r e s u l t s  i n  th e  th e o r y  o f  i n t e g r a l  
e q u a t io n s  a r e  th e n  e s t a b l i s h e d .  The e x p o n e n t ia l  m apping o f  m a t r ic e s  i s  
exam ined i n  C h a p te r  I I I ,  and on th e  b a s i s  o f  t h i s  th e  P e te r-W ey l th eo rem  
i s  p ro v e d . I n  C h a p te r  IV we show t h a t  e v e ry  l o c a l l y  com pact c o n n ec te d  
A b e lia n  group  i s  a  L ie  g ro u p .
Some f a m i l i a r i t y  w ith  th e  b a s i c  n o t io n s  o f  a lg e b r a ,  a n a l y s i s  and 
to p o lo g y  i s  p resu p p o sed  o f  th e  r e a d e r .  C e r ta in  b a s ic  d e f i n i t i o n s  from  
a lg e b ra  and to p o lo g y  a r e  g iv en  b e low .
A to p o lo g ic a l  sp a c e  (X, C l)  i s  a  s e t  X and a c o l l e c t i o n  o f  su b ­
s e t s  su ch  t h a t :
1 )  X é  z l s
2) a r b i t r a r y  u n io n s  o f  e le m e n ts  o f  j^ a re  e le m e n ts  o f  CJ J
3) f i n i t e  i n t e r s e c t i o n s  o f  e le m e n ts  o f  a r e  e le m e n ts  o f
The e le m e n ts  o f  3  a r e  c a l l e d  o p en . A s u b s e t  E o f  X i s  c a l l e d  c lo s e d  i n  
c a se  th e  com plem ent o f  E , d e n o te d  by X-E, i s  o p en . The c lo s u r e  A” o f  a  
s e t  A i s  t h e  s m a l le s t  c lo s e d  s e t  c o n ta in in g  A. A s u b s e t  N o f  X i s  
c a l l e d  a n e ig h b o rh o o d  o f  a  p o in t  x  i n  c a se  t h e r e  i s  an open s e t  V w ith  
t h e  p r o p e r ty  x  6V C N . A c o l l e c t i o n  ( § o f  s u b s e t s  o f  a  t o p o lo g ic a l  sp a c e  
(X , C/) i s  s a id  t o  b e  a  b a s e  f o r  Cf i n  c a s e  e v e ry  e le m e n t o f  2% can  b e
1
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
2
o b ta in e d  a s  a  u n io n  o f  e le m e n ts  o f  CB • A to p o lo g y  O  f o r  a s e t  X i s  
s a id  to  b e  Tq i n  c a se  f o r  e v e ry  two d i s t i n c t  p o in t s  x ,y  e  X th e r e  i s  
Jje'J su ch  t h a t  x e U  and yf^ TJ o r  th e r e  i s  V ^ 3  su ch  t h a t  y £ V  and 
A to p o lo g y  27 i s  c a l l e d  i n  c a se  p o in t s  a r e  c lo s e d .  I f  f o r  e v e iy  two 
d i s t i n c t  p o in ts  x ,y ^ X  th e r e  e x i s t  U ,V eC / su c h  t h a t  x e U ,  y ^ 7  and UOV 
"‘0 ,  th e n  2? i s  c a l l e d  a  T2 to p o lo g y  f o r  X. A to p o lo g y  27 f o r  a  s e t  X i s  
s a id  to  b e  r e g u la r  i f  f o r  each  p o in t  x €  X and each  n e ig h b o rh o o d  U o f  x 
t h e r e  i s  a  V C27 su c h  t h a t  x c V  and V ^ U .
A m apping f  o f  a  t o p o lo g ic a l  sp a c e  (X , 27) i n t o  a  t o p o lo g ic a l  
sp a c e  (T , 2 /) i s  s a id  to  b e  c o n tin u o u s  i n  c a se  f o r  e v e iy  U^^and e v e ry  
f(x )€ U  t h e r e  e x i s t s  V e 27 su ch  t h a t  x C V  and f(V )Ç T J. A c o n tin u o u s  map­
p in g  f  i s  c a l l e d  a homeomorphism i n  c a s e  f  i s  o n e - to -o n e  o n to  and f ^  
i s  c o n tin u o u s .
A group (Gr, *) i s  a  s e t  G and a  b in a r y  o p e ra t io n  * su ch  t h a t  f o r  
a l l  x ,y ,  z CG:
1 ) x * y C G ,
2) x * ( y x )  = ( x - y ) * z ,
3 ) t h e r e  i s  an e lem en t / c Q ,  su c h  t h a t  x* /  = / . x  = x ,  and
I4) i f  x c G  t h e r e  e x i s t s  an  e lem en t x “7-C G su ch  t h a t  xx~^
= /  .
The g roup  i s  c a l l e d  A b e lia n  i n  c a se  xy = y x  f o r  a l l  x ,y  é  G.
X e t (G ,* ) and ( G ',* )  be  two g ro u p s . A m apping h o f  G i n t o  G' i s  
c a l l e d  a  homomorphism i n  c a s e  h (x -y )  ** h (x )* h (y )  f o r  a l l  x ,y C G . A 
homomorphism h i s  c a l l e d  an isom orph ism  i n  c a se  h i s  o n e - to -o n e  and o n to .
The c o n c e p t o f  a  to p o lo g ic a l  g roup  i s  a  s y n th e s i s  o f  th e  n o t io n s  
o f  to p o lo g ic a l  s p a c e s  and g ro u p s .
Numbers i n  s q u a re  b r a c k e t s ,  su ch  a s  [ S j , i n d i c a t e  r e f e r e n c e s .
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CHAPTER I
PRELIMINARY PROPERTIES OF TOPOLOGICAL GROUPS
D e f in i t io n  1 . 1 ; A to p o lo g i c a l  g roup  i s  a  t r i p l e ,  ( G , . , 2 7 ) ,  su ch  t h a t
1 ) (G , . )  i s  a  g ro u p ,
2) (G, 27) i s  a  T g -sp a c e , and
3) th e  f u n c t io n  h ( x ,y )  = x y ”^  on GXG i n t o  G i s  c o n tin u o u s
r e l a t i v e  t o  th e  p ro d u c t  to p o lo g y  f o r  GXG. (T h is  c o n d i t io n  i s  e q u iv a ­
l e n t  to  r e q u i r in g  t h a t  b o th  th e  f u n c t io n s  f ( x , y )  = xy  and g (x )  = x ”^ be  
c o n tin u o u s ;  we a ls o  sa y  t h a t  th e  g roup  o p e r a t io n s  o f  m u l t i p l i c a t i o n  and 
ta k in g  in v e r s e s  a r e  c o n t in u o u s .)
Thus th e  s e t  G h as two s t r u c t u r e s ,  one a lg e b r a i c  and one to p o lo ­
g i c a l ,  and th e y  a r e  r e l a t e d  th ro u g h  c o n d i t io n  3- When c o n fu s io n  seem s 
u n l ik e ly  we s h a l l  om it m en tio n  o f  t h e  g roup  o p e r a t io n ,  ,  and th e  
to p o lo g y , 2 j ,  and w r i t e  "G i s  a to p o lo g ic a l  g ro u p " .
I f  A and B a r e  s u b s e t s  o f  a to p o lo g ic a l  g roup  G, th e n  A*B i s  th e  
s e t  o f  p o in t s  z o f  G, su ch  t h a t  z = xy w here x e A  and y €  B. A"^ i s  th e  
s e t  o f  a l l  X su ch  t h a t  x ”^ A .  We d e n o te  t y  xA and Ax th e  s e t s  £x}A and 
A/xj*, r e s p e c t iv e ly .  AA i s  d e n o te d  b y  A^ a n d , i n d u c t i v e l y ,  A "A = A’̂ '*" .̂ 
M .th  th e s e  c o n v e n tio n s  we can  e x p re s s  c o n d i t io n  3 o f  d e f i n i t i o n  1 .1  i n  
te rm s  o f  n e ig h b o rh o o d s i n  th e  fo l lo w in g  e q u iv a le n t  way; I f  x , y g  G and 
W i s  a ry  n e ig h b o rh o o d  o f  x . y “^ ,  th e n  t h e r e  a r e  n e ig h b o rh o o d s  7  and U o f  
X and y  r e s p e c t iv e ly  su ch  t h a t  V.U“t w .
We n o t ic e  t h a t  i f  X, Y and Z a r e  s u b s e t s  o f  a to p o lo g ic a l  g ro u p , 
th e n  (XY)Z = X(YZ) and (XZ)“^  » Y“^ X“^  . F o r  su p p o se  a€(XY)Z; th e n
3
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a  -  (3cy)z -  x ( y z ) ^ X ( T Z ) .  Thus (X ï)Z C X (T Z ). S im i la r ly ,  X (Y Z )^(X T )Z . 
Hence (X l)Z  = X(XZ). T hat (XY)“^  = Y '^ X '^  fo l lo w s  a s  e a s i l y .
Theorem 1 . 2 : I f  a  i s  a  f ix e d  e le m e n t o f  a  t o p o lo g ic a l  g roup  G, th e n  
th e  m appings
1 ) f a ( x )  = a x , c a l l e d  l e f t  t r a n s l a t i o n s ,
2) g a (x )  = x a ,  c a l l e d  r i g h t  t r a n s l a t i o n s ,  and
3) h (x )  = x -1
a r e  homeomorphisms o f  G o n to  G,
P roof*  Any e lem en t a €  G d e te rm in e s  a  map f a ( x )  = ax  o f  G i n t o  i t s e l f .  
Then f a  i s  o n e - to -o n e  s in c e  i t  h a s  an  in v e r s e  f g _ i ,  and i s  c o n tin u o u s  
s in c e  ax i s  a  c o n tin u o u s  f u n c t io n  o f  x .  S in c e  f ^ _ i  i s  a l s o  c o n tin u o u s ,  
f a  I s  a  homeomorphism o f  G o n to  G, F o r  s i m i l a r  r e a s o n s  g^ i s  a  homeo­
m orphism  o f  G o n to  G. S in c e  h (x )  = x “^ i s  c o n tin u o u s ,  o n e - to - o n e ,  and 
c o in c id e s  w ith  i t s  i n v e r s e ,  h i s  a l s o  a  homeomorphism.
C o r o l la r y * Suppose A i s  a  c lo s e d  s u b s e t ,  B an open s u b s e t ,  E an  a r b i ­
t r a r y  s u b s e t  and a  an  e le m e n t o f  a t o p o lo g ic a l  g roup  G. Then:
1 )  aA, Aa and A“^  a r e  c lo s e d  s u b s e t s ,  and
2) aB, B a, B“^ ,  BE and EB a r e  open s u b s e t s  o f  G.
P ro o f :  T h a t aA, Aa and A“^ a r e  c lo s e d  and Ab, B a, B"^ a r e  open fo l lo w s
from  th e  f a c t  t h a t  l e f t  t r a n s l a t i o n s ,  r i g h t  t r a n s l a t i o n s  and th e  i n v e r s e
o p e r a t io n  a r e  hom eom orphism s. F o r  a l l  x<=E we have xB and Bx o p en ;
hence  BE * L ^ x  and EB » L_VxB a r e  o p en , xeET xeE
Theorem 1 .3 : L e t  Q b e  a  t o p o lo g ic a l  g ro u p . Then f o r  any two e le m e n ts
a ,b eG  th e r e  i s  a  homeomorphism o f  Q o n to  G w hich  maps a i n t o  b .  We ex ­
p r e s s  t h i s  p r o p e r ty  by  s a y in g  G i s  a  hom ogeneous s p a c e .
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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P ro o f :  The maps and a s  d e f in e d  i n  t h e  p re c e d in g  th eo rem
a r e  homeomorphisms w hich  map a  i n t o  h .
We s h a l l  d e n o te  th e  i d e n t i t y  o f  a  t o p o lo g ic a l  g roup  by  /  .
a  l o c a l  p ro p e r ty  o f  a  to p o lo g ic a l  g roup  i s  m eant a  p r o p e r ty  
p o s s e s s e d  by  n e ig h b o rh o o d s o f  a  p o i n t .  I f  a  t o p o lo g i c a l  g roup  h a s  a 
l o c a l  p r o p e r ty  a t  some p o i n t ,  th e n  by th eo rem  1 ,3  i t  h a s  th e  p r o p e r ty  
a t  e v e ry  p o i n t .  Thus i t  s u f f i c e s  t o  v e r i f y  l o c a l  p r o p e r t i e s  a t  a  s i n g l e  
p o i n t .  I t  i s  u s u a l ly  m ost c o n v e n ie n t  t o  do t h i s  a t  t h e  i d e n t i t y  / .  F o r  
exam ple , i n  o r d e r  to  show t h a t  th e  to p o lo g y  o f  a  t o p o lo g ic a l  g ro u p  i s  
l o c a l l y  com pact, i t  s u f f i c e s  t o  f i n d  a  n e ig h b o rh o o d  o f  th e  i d e n t i t y  
whose c lo s u r e  i s  com pact.
Suppose ( G ,•)  i s  a  g roup  and i s  th e  d i s c r e t e  to p o lo g y  f o r  G; 
th e n  th e  o p e ra t io n  ( x ,y ) - ^ x .y “^  i s  o b v io u s ly  c o n tin u o u s . Thus e v e iy  
a b s t r a c t  g roup  may b e  c o n s id e re d  a s  a  t o p o lo g ic a l  g roup  w ith  t h e  d i s ­
c r e t e  to p o lo g y . We n o te  t h a t ,  i n  a  to p o lo g ic a l  g ro u p , i f  t h e  i d e n t i t y  
h a s  a  n e ig h b o rh o o d  w hich c o n ta in s  o n ly  th e  i d e n t i t y ,  th e n  t h e  to p o lo g y  
i s  d i s c r e t e .
Theorem l . L : The to p o lo g y  o f  a  t o p o lo g ic a l  g roup  i s  r e g u l a r ,
R ?oof: By t h e  p re c e d in g  rem ark s r e g u l a r i t y  can  b e  e s t a b l i s h e d  t y  con ­
s id e r in g  n e ig h b o rh o o d s  o f  th e  i d e n t i t y  . L e t  U b e  a  n e ig h b o rh o o d  o f  /  . 
S in c e  / •  /  “^ * , i t  f o l lo w s  t h e r e  i s  a  n e ig h b o rh o o d  7  o f /  su c h  t h a t
U, Suppose a € Y ~ ,  S in c e  aV i s  a  n e ig h b o rh o o d  o f  a ,  i t  f o l lo w s  
t h a t  aVnV # ^ . Thus t h e r e  i s  an  e le m e n t b  e  V su ch  t h a t  a b = c € 7 ,  b u t  
th e n  a  = cb "^e  7 7 ”^ C U . S in c e  a  i s  a r b i t r a r y ,  t h i s  means 7 " g U .
Theorem  1 . ^ : A t r i p l e  ( G ,* ,^ 7 )  s a t i s f y i n g  l )  and 3 ) o f  d e f i n i t i o n  1 .1
and 2 ’ ) (<?, C7) i s  a  T g -sp ac e  i s  a  t o p o lo g i c a l  g ro u p .
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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P ro o f : We m ust show t h a t  (G , CÎ) i s  a  T g -sp a c e . L e t  a ,b  € G, a fb .
S in c e  th e  to p o lo g y  i s  T q, we can  f i n d  an open  n e ig h b o rh o o d  U o f /  su ch  
t h a t  b  ^aU  o r  a ^ b l l .  Suppose b ^ a U .  T here  i s  a  n e ig h b o rh o o d  V o f  /  
su ch  t h a t  U; hence  b ^ a W ”^ .  We show t h a t  aV /lbV  = 0  , Suppose
th e  c o n tr a r y  w ere  t r u e ;  i . e . ,  t h a t  aV /lbV  = L e t  x £  aVAbV, th e n  
X  = ay^ = b y 2 w here y ^ ,y g ^  V. Hence b  « ay -j^ y g 'i^aW 'i^ aU  w hich  con­
t r a d i c t s  b ^  an . A s i m i l a r  argum ent can  b e  u se d  f o r  th e  c a se  a^bTT.
Thus any two p o in ts  have d i s j o i n t  n e ig h b o rh o o d s .
We s h a l l  c a l l  a  s u b s e t  A o f  a  to p o lo g ic a l  g roup  G sym m etric  i n  
c a se  A = A“^ .  I f  A i s  a  s u b s e t  o f  G th e n  AA“^ and A A A "i a r e  sy m m etric .
Theorem 1 .6 : I f  Ü i s  a  n e ig h b o rh o o d  o f  th e  i d e n t i t y  /  o f  a  to p o lo g ic a l
g ro u p , th e n  th e r e  i s  a sym m etric  n e ig h b o rh o o d  V o f  /  su ch  t h a t  =
V ^ ç u .
P ro o f :  S in c e  / « / “^  = t h e r e  i s  a  n e ig h b o rh o o d  W o f  / su ch  t h a t  W W ^U .
L e t  V = Wr\W"^; th e n  7  i s  sym m etric  and 7 ^ ç ;U .
I n  a  t o p o lo g ic a l  g roup  th e  sy s tem  o f  n e ig h b o rh o o d s  o f  a  p o in t  
may b e  o b ta in e d  by t r a n s l a t i o n s  o f  n e ig h b o rh o o d s  o f  th e  i d e n t i t y .  Thus, 
s in c e  th e  to p o lo g y  o f  any to p o lo g ic a l  sp a c e  i s  d e te rm in e d  by  th e  n e ig h ­
bo rhoods o f  i t s  p o i n t s ,  we a r e  a b le  t o  d e te rm in e  th e  to p o lo g y  o f  a 
to p o lo g ic a l  group i n  te rm s o f  n e ig h b o rh o o d s  o f  / .  We g iv e  i n  th e  f o l ­
lo w in g  theo rem  n e c e s s a iy  and s u f f i c i e n t  c o n d i t io n s  w hich a c o l l e c t i o n  
o f  s u b s e t s  o f  a  g roup  m ust s a t i s f y  i n  o r d e r  to  fo rm  a sy s tem  lU  o f  
n e ig h b o rh o o d s o f  /  so  t h a t  th e  g roup  o p e r a t io n  w i l l  be  c o n tin u o u s  in  
th e  to p o lo g y  d e te rm in e d  by
Theorem 1 . 7 : L e t  G b e  a  to p o lo g ic a l  g ro u p . I f  IX i s  t h e  f a m ily  o f  a l l
n e ig h b o rh o o d s  o f  /  , t h e n :
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1) I f  Ü ,V € U ,  th e n
2) I f  and U g V , th e n  l e Z C  î
3) I f  U e ^ ,  th e n  t h e r e  l a  a  su ch  t h a t  W "^ £ T J;
U) I f  7g"ZX and a  €  G th e n  aVa""^€2(; and
5) Q j - l O  ■
C o n v e rse ly , g iv e n  an a b s t r a c t  g roup (G ,* ) and a  f a m ily  o f  
s u b s e ts  s a t i s f y i n g  l ) ,  2 ) ,  3 ) ,  h)  and 5) ,  t h e r e  i s  a  u n iq u e  t o p o l o ^  
‘[^'"such t h a t  (G, », %/) i s  a  t o p o lo g ic a l  g roup  and “U' i a  th e  f a m ily  o f  
a l l  n e ig h b o rh o o d s o f  /  w ith  r e s p e c t  t o  '̂ 7 '̂
P ro o f :  I f  2A i s  t h e  fa m ily  o f  n e ig h b o rh o o d s  o f  /  i n  2 7 , th e n  l )  and 2)
fo l lo w  from  th e  d e f i n i t i o n  o f  n e ig h b o rh o o d . 3 ) e x p re s s e s  th e  c o n t in ­
u i t y  o f  th e  m apping ( x ,y ) - ^ x y “^  a t  ( / , / )  and L) e x p re s s e s  th e  c o n t in ­
u i t y  o f  th e  m apping x -^ a x a “^ .  F o r  any p o in t  x  /  /  t h e r e  i s  a  n e ig h b o r ­
hood Ve?/{ su c h  t h a t  x ^ V ;  hence  •
F o r  th e  c o n v e rs e , suppose  i s  a  f a m ily  o f  s u b s e t s  o f  th e  
group  (G , •) s a t i s f y i n g  c o n d i t io n s  1 ) ,  2 ) ,  3 ) ,  I») and 5 ) .  We m ust d e ­
r i v e  a  to p o lo g y  27^ f o r  (G , •) from  %/.' su ch  t h a t  (G, * , 2 / )  i s  a  to p o lo ­
g i c a l  g ro u p . L e t  he  t h e  f a m ily  o f  s u b s e t s  o f  G su c h  t h a t  i f  23 
and x € A ,  th e n  t h e r e  i s  some su c h  t h a t  V xC A . We f i r s t  show t h a t
27 i s  a  to p o lo g y . C le a r ly  ^ , G €  23'^and i f  A„^€ 2 7 " ^ f o r ( (Tlsom e in d e x  
s e t )  th e n  L J a ^ € ^ ,  Suppose A,B €27''and x 6 A /IB . Then t h e r e  a r e  
such  t h a t  ü x ç A  and VxÇB  and U x/lV x = (U r\7 )x g ;A /3 B , b u t  
U n V e 'U ' by  1 . Thus 27^^® & to p o lo g y  f o r  G and 27^i s  d e te rm in e d  u n i ­
q u e ly  by "ZX* •
Suppose a ,b  € G ,a#b . S in c e  * / / J  t h e r e  i s  su c h  t h a t
ba"^^[J. B u t th e n  b fÉ üa  so  t h a t  t h e  to p o lo g y  27^ i s  Tq J h ence  once  we
* y
have shown t h a t  th e  g roup  o p e r a t io n  i s  c o n tin u o u s  r e l a t i v e  t o  23 ,  we
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s h a l l  know i s  Tg*
L e t  th e n  t h e r e  i s  a  sym m etric  s e t  ZiJ su ch  t h a t  W " ^ U .
F o r  by  c o n d it io n  3 ) ,  i f  U f  t h e r e  i s  a  W € ^ ' su c h  t h a t  WW“^ U .  L e t 
V » th e n  W “^ -  ( w n w '^ ) " t u .
Now l e t  “2X b e  th e  f a m ily  o f  a l l  n e ig h b o rh o o d s  o f  / r e l a t i v e  t o
th e  th e  to p o lo g y  . We w i l l  show t h a t  %(* * 2 ^ . Suppose U '6 ; th e n
t h e r e  i s  U*^2J'^such t h a t  Thus t h e r e  i s  a XS€ X l  su ch  t h a t
' ; hence  U'ëX/C' by  2 ) .  T h is  shows 2>( S ' . Now su p p o se  UélAI and
l e t  7  “  £x |xeU  and Wx^U f o r  some W €tdJ . C le a r ly  /e V ^ U , so  t h a t  i f  
7 € ^ , we w i l l  have V^U.,  Thus im p ly in g  t h a t  ÎX= IX,' « To s e e
t h a t  V € ^ ,  we l e t  a € V j  th e n  by  d e f i n i t i o n  t h e r e  i s  a  'W€%4! su ch  t h a t  
Wa G IT. ^y th e  above p a ra g ra p h  t h e r e  i s  a  sym m etric  V*€ tC  su c h  t h a t  
T*V*GW; hence V*V #aCW a£U . Thus f o r  any b € V * a  we have 7*b€U; t h e r e ­
f o r e  7*aG  7 .  Hence 7 £ ' '^  .
We now show th e  group o p e r a t io n  i s  c o n tin u o u s  r e l a t i v e  to  
Suppose a ,b  é:G. L e t  U* b e  a  n e ig h b o rh o o d  o f  a b ”^ ;  th e n  t h e r e  i s  a  s e t  
TJéZA su ch  t h a t  Uab”^ U * .  Now by  a ssu m p tio n  t h e r e  a r e  W,7€%/ su c h  t h a t  
W W ^U and ab -^ T b a-^  = a b "^ 7 (a b “^ ) - ^ W . Hence a b ”^ 7 “^ b a"^  = (a b “^7 b a"^ ) 
and b - ^ 7 - ^ S  a-^W "^ab“T-. Thus W a(7b)“^  = ¥ a b "^ 7 -^ ^ ¥ a a - '^ W ’^ ab " '‘- = 
WW"^ab”^GTJab”^ g T J '. S in c e  Wa and 7b a r e  by  d e f i n i t i o n  n e ig h b o rh o o d s  o f 
a  and b ,  r e s p e c t i v e l y ,  r e l a t i v e  to  we have shown th e  d e s i r e d  c o n t in ­
u i t y .  T h is  c o m p le te s  t h e  p ro o f .
Theorem 1 . 8 ; L e t  ( G ,*, CT) b e  a  to p o lo g ic a l  g ro u p . A su bg roup  (H , •) o f  
th e  a b s t r a c t  g roup  ( G ,•) i s ,  w i th  th e  r e l a t i v e  to p o lo g y , a  to p o lo g ic a l  
g ro u p .
P ro o f :  As a  s u b s e t  o f  T ^ -s p a c e , H i s  T2 . We m ust show th e  g roup  o p e ra ­
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t i o n  i s  c o n tin u o u s  i n  th e  r e l a t i v e  to p o lo g y . Suppose x ,y  6  H and W  i s  
a  n e ighbo rhood  o f  x*y"^  i n  th e  r e l a t i v e  to p o lo g y  f o r  H. Then t h e r e  i s  
a  ne ighbo rhood  ¥  o f  x y ”^  i n  (G, t / )  su c h  t h a t  ¥ '  » W/HH. S in c e  (G, 
i s  a  to p o lo g ic a l  g roup  t h e r e  a r e  n e ig h b o rh o o d s  U and V o f  x  and y ,  r e ­
s p e c t i v e l y ,  i n  (G, O )  su ch  t h a t  W ”^ W . L e t  U’ = UAH and V  = V/AH; 
th e n  U* and V  a r e  r e l a t i v e  n e ig h b o rh o o d s  o f  x  and y  r e s p e c t iv e ly  and 
U*V»"^W ».
D e f in i t io n  1 . 9 : We s h a l l  c a l l  a  s u b s e t  H o f  a  t o p o lo g ic a l  g roup  G a
subg roup  in  c a s e :
1 ) HH~^CHj i . e . ,  H i s  a  su bg roup  o f  G i n  t h e  a b s t r a c t  s e n s e .
2)  H h as  th e  r e l a t i v e  to p o lo g y .
I f  xHx”^ H  f o r  a l l  x C G  we sa y  t h a t  H i s  a  norm al su b g ro u p . I f  a  su b ­
g roup  H c o n s id e re d  a s  a  s e t  i s  open ( c l o s e d ) ,  we r e f e r  to  H a s  an  open
( c lo s e d )  su b g ro u p .
Theorem 1 .1 0 : An open  subg roup  H o f  a  t o p o lo g ic a l  g roup  G i s  a l s o
c lo s e d .  A n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n  t h a t  a  su b g ro u p  H b e  open 
i s  t h a t  i t  c o n ta in  an i n t e r i o r  p o i n t ,  i . e . ,  a  p o in t  x  some n e ig h b o rh o o d  
o f  w hich i s  c o n ta in e d  i n  H.
P ro o f :  S in c e  H i s  o p en , xH i s  open f o r  a l l  x ^  G, Hence ^ l^x H  i s  o p en ,
b u t  G -J ^ ^ H  » H. Thus H i s  t h e  com plem ent o f  an  open s e t  and a s  su ch  
i s  c lo s e d .  I f  H h a s  an  i n t e r i o r  p o i n t ,  t h e n ,  s i n c e  t r a n s l a t i o n s  a r e  
hom eom orphism s, e v e ry  p o in t  o f  H i s  i n t e r i o r ;  i . e . ,  H i s  o p en . The n e ­
c e s s i t y  i s  o b v io u s .
Theorem  1 .1 1 * L e t  H b e  a  su b g ro u p  o f  a  to p o lo g ic a l  g roup  G. Then H"
i s  a  su b g ro u p  o f  G. I f  H i s  no rm al (A b e lia n )  so  i s  H“ .
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
10
P ro o f :  L e t  a jb ^ H ” ; th e n  ab"^éH “ , s in c e  ( x ,y ) - + x y “^  i s  c o n tin u o u s  on
GXG and maps HXH i n t o  H. More e x p l i c i t l y ,  l e t  W b e  any n e ig h b o rh o o d  
o f  ab“ ^ .  Then t h e r e  a r e  n e ig h b o rh o o d s  U and V o f  a  and b ,  r e s p e c t i v e l y ,  
su c h  t h a t  S in c e  a ,b  6 H“ , U n B fjï^an d  . I t  f o l lo w s  t h a t
WAHÿ (Z). Hence ab “ ^ H “ . S i m i la r ly ,  s in c e  x -^ a x a " ^  i s  c o n tin u o u s , i f  H 
i s  norm al (A b e lia n )  so  i s  KT
C o r o l la r y : L e t  H b e  a  su b g ro u p  o f  G su c h  t h a t  H i s  d en se  i n  G, i . e . ,
H" “ G. I f  N i s  a  norm al su b g ro u p  o f  H, th e n  N"* i s  a  norm al su b g ro u p  
o f  G.
P ro o f :  The o p e ra t io n  ( x ,y ) —>xyx"^ i s  a  c o n tin u o u s  map o f  GXG i n t o  G,
and maps HXN i n t o  N; th u s  i t  maps GXN“ = H” X N ” i n t o  N".
Theorem 1 .1 2 : L e t  G b e  a  t o p o lo g ic a l  g ro u p . A n e c e s s a ry  and s u f f i c i e n t
c o n d i t io n  t h a t  a  subg roup  H o f  G b e  c lo s e d  i s  t h a t  t h e r e  be  an open s e t  
Ü su c h  t h a t  UAH = U/1 H"f ^  .
P ro o f :  N e c e s s i ty  i s  o b v io u s . We p ro v e  th e  s u f f i c i e n c y ,  by show ing t h a t  
i f  th e  h y p o th e s is  i s  s a t i s f i e d  and a  é  H", th e n  a e H ;  i . e . ,  H » H“ . L e t  
a e H ~ ,  ceU /lH  and V a  n e ig h b o rh o o d  o f  /  su ch  t h a t  c V iU . S in c e  a e H “ ,
t h e r e  i s  a p o in t  b ^ H  su c h  t h a t  b e a V ;  so  a ”^ b € ¥ .  Hence ca"^b  6 cV G U.
S in c e  c , a “^ ,b  €H “ , we have  c a “^ b e H “-AU = HAU. Thus ca"^b  6 H, and
s in c e  c ,b  € H , we have a - l g  C ^ H b - l  = H. T hen, s in c e  a “^ €  H, a € H .
C o r o l la r y : E very  d i s c r e t e  su b g ro u p  o f  a  t o p o lo g ic a l  g roup  i s  c lo s e d .
P ro o f :  S in c e  H i s  d i s c r e t e ,  t h e r e  i s  a  n e ig h b o rh o o d  U o f  /  su c h  t h a t
HAU * / / J  . We show t h a t  HAU » H"A\U. Suppose n o t ,  i . e . ,  t h a t  t h e r e  
i s  an  xé(H"/AU) -  (H A U ). Then x f  /  and t h e r e  a r e  n e ig h b o rh o o d s  V and 
W o f  /  and  x ,  r e s p e c t i v e l y ,  su ch  t h a t  7 c  U, WSU and 7A W  » B ut
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t h i s  Im p lie s  HA W = ^  . Hence x ^ H ~ ,  From t h i s  c o n t r a d i c t i o n ,  t h e  
c o r o l l a r y  f o l lo w s .
Theorem 1 .1 3 : L e t  G b e  a  t o p o lo g ic a l  g ro u p . I f  H i s  a  su bg roup  o f  th e
a b s t r a c t  g roup  G, th e n  e i t h e r  H i s  c lo s e d  i n  ( G ; o r  H" -  H i s  d en se  
i n  H” .
P ro o f :  Suppose H i s  n o t  c lo s e d .  L e t  a ^ H "  and l e t  V b e  a  n e ig h b o rh o o d
o f  a ;  we show 7/A (H “ -  H)#çzS. S in c e  a£^H“ , 7/AHf S in c e  H i s  n o t  
c lo s e d ,  we have by  th eo rem  1 .1 2  t h a t  VA H"# 7 /AH. But t h i s  im p l ie s
V/ACH" -  H)= Thus e v e ry  p o in t  o f  H“ i s  i n  th e  c lo s u r e  o f  H" -  H,
i . e . ,  H” -  H i s  d e n se  i n  H“ .
We s h a l l  now e x te n d  th e  id e a s  o f  hom omorphism s, isom orph ism s and
f a c t o r  g ro u p s o f  a b s t r a c t  g ro u p s t o  to p o lo g ic a l  g ro u p s .
D e f in i t io n  l . l U :  L e t  H b e  a  su b g ro u p  o f  a  to p o lo g ic a l  g roup  G. We d e ­
n o te  th e  s e t  £xH |x€G J o f  a l l  l e f t  c o s e t s  b y  G/H. G/H i s  c a l l e d  th e  
q u o t ie n t  sp a c e  o f  G m odulo H. By th e  c a n o n ic a l  map f  o f  G o n to  G/H we 
mean th e  map d e f in e d  by th e  e q u a t io n  f ( x )  = xH w here  x € G  and xH 6.G/H.
D e f in i t io n  1 .1 ^ : L e t  ( G , * , ^ )  b e  a  to p o lo g ic a l  g roup  and H any subg roup
o f  G. We d e f in e  a  to p o lo g y  ^  ' on th e  q u o t i e n t  sp a c e  G/H i n  th e  fo l lo w ­
in g  way. L e t  f  b e  t h e  c a n o n ic a l  map o f  G o n to  G/H. A s e t  U i s  open i n  
± f  f - i ( u ) ,  t h e  co m p le te  i n v e r s e  im age o f  U, i s  open i n  . T h is  
to p o lo g y  i s  som etim es r e f e r r e d  to  a s  th e  q u o t i e n t  to p o lo g y  and i s  
t h e  o n ly  to p o lo g y  we w i l l  c o n s id e r  f o r  th e  q u o t ie n t  sp a c e  G/H.
Theorem l . l 6 ; L e t H b e  any su b g ro u p  o f  a  to p o lo g ic a l  g ro u p . Then th e  
c a n o n ic a l  map f  o f  G o n to  G/H i s  c o n tin u o u s  and open .
P ro o f :  T hat f  i s  c o n tin u o u s  fo l lo w s  from  th e  to p o lo g y  d e f in e d  on G/H.
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L e t  U b e  an  open s u b s e t  o f  G. Then Ua i s  open f o r  a l l  a€ .G  and we se e  
t h a t
f “^ ( f (U ) )  = f ”^(^xH  I x^uj) •= I ye xH f o r  some x e u j
= jg ^xH  = UH = i s  o p en .
T h e re fo re  f(U ) i s  open i n  G/H. Hence f  i s  an  open map.
Theorem 1 .1 ? : I f  N i s  a  c lo s e d  norm al su b g ro u p  o f  a  t o p o lo g ic a l  g roup
G, th e n  th e  c a n o n ic a l  map f  o f  G o n to  G/N i s  a  c o n tin u o u s  open homo­
m orphism  and G/N i s  a  to p o lo g ic a l  g ro u p .
P ro o f :  The f i r s t  a s s e r t i o n  fo l lo w s  from  th eo rem  I .16  and th e  c o r r e s ­
po n d in g  s ta n d a rd  a b s t r a c t  g roup  th eo rem  ( s e e  p . 4 2 ]  ) .  We m ust show 
t h a t  th e  m apping (aN ,bN )-> ab”^N o f  G/n XG/N  i n t o  G/N i s  c o n tin u o u s .
L e t  W b e  a  ne ig h b o rh o o d  o f  f ( a ) * ( f ( b ) ) ”^ ;  th e n  f ”^(w ) i s  a  ne ig h b o rh o o d  
o f  a b “^  i n  G. Now t h e r e  a r e  n e ig h b o rh o o d s  U and 7  o f  a  and b ,  r e s p e c ­
t i v e l y ,  su ch  t h a t  U7“^ f ”^ (w ) . Then f(U ) and f(V ) a r e  n e ig h b o rh o o d s 
o f  f ( a )  and f ( b ) ,  r e s p e c t iv e ly  (by  th eo rem  I . I 6 ) ,  and ( f ( u ) ) • ( f ( 7 ) ) " ^ €  
f(U 7 "^ ) CW, w hich  shows c o n t i n u i ty .  S in c e  N i s  c lo s e d  and f “^ ( f ( / / i ) )  
« N, i t  fo l lo w s  f ( / )  = / / ' l f  i s  c lo s e d .  Hence t h e  to p o lo g y  f o r  G/N i s  T'  ̂
and th u s  i s  Tg, b y  th eo rem  1 . ^ .
Theorem  I . I 8 ; Suppose G i s  a  t o p o lo g i c a l  g roup  and N i s  an open norm al 
su b g ro u p . The G/N i s  d i s c r e t e .
P ro o f :  L e t  f  b e  t h e  c a n o n ic a l  map o f  G o n to  G/N; th e n  f(N ) i s  th e
i d e n t i t y  o f  G/N. S in c e  f  i s  an  open map and N i s  o p en , i t  f o l lo w s  f(N ) 
i s  o p en . S in c e  N i s  open^^^  i s  c lo s e d ,  and G/N i s  a  to p o lo g ic a l  g ro u p . 
Hence ev e ry  p o in t  o f  G/N i s  o p en , so  G/N i s  d i s c r e t e .
D e f in i t io n  1 .1 9 : L e t  G and G’ b e  two to p o lo g ic a l  g ro u p s . A m apping f
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o f  G i n t o  G’ i s  c a l l e d  an  isom orph ism  i n  c a s e :
1 ) f  i s  an isom orph ism  o f  th e  a b s t r a c t  g roup  G i n t o  th e  a b s t r a c t
group Q' .
2 ) f  i s  a  homeomorphism.
Theorem 1 .2 0 ; L e t  G and G’ b e  to p o lo g ic a l  g ro u p s  and l e t  f  b e  a  homo­
morphism o f  G i n t o  G’ . I n  o r d e r  t h a t  f  b e  c o n tin u o u s  (open) i t  i s  
n e c e s s a ry  and s u f f i c i e n t  t h a t  i t  b e  c o n tin u o u s  (open) a t  /  .
P ro o f :  The n e c e s s i t y  o f  f  b e in g  c o n tin u o u s  o r  open a t  /  i s  o b v io u s .
We show s u f f i c i e n c y  f i r s t  f o r  c o n t i n u i ty .  Suppose a é G ,  f ( a )  « a ’ ^ G ' .  
L e t U* b e  a  ne ig h b o rh o o d  o f  a ^ j  th e n  U 'a ^ ”^ i s  a  n e ig h b o rh o o d  o f  / ’ and 
t h e r e  e x i s t s  a  n e ig h b o rh o o d  IT o f  /  su c h  t h a t  f(U ) CU ’a * " ^ . S in c e  Ua i s  
a  ne ig h b o rh o o d  o f  a  and f(U a ) = f ( U ) f ( â ) ^ U 'a * - ^ a '  = U*, f  i s  c o n tin u o u s .
Now l e t  7  b e  a  n e ig h b o rh o o d  o f  a  e  G and su p p o se  f  i s  open a t  /  . 
Then Va”^  i s  a  n e ig h b o rh o o d  o f  /  and t h e r e  i s  a  n e ig h b o rh o o d  7* o f  / ’ 
su ch  t h a t  7 * C f ( 7 a ”^ ) .  S in c e  7 ’a* i s  a  n e ig h b o rh o o d  o f  a* = f ( a ) ,  we 
have  7 ' a '  = 7 ' f ( a )  C f ( 7 a " l ) f ( a )  = f ( 7 a ”l a )  = f (7 )  . Hence f  i s  open .
L e t H b e  a  su b g ro u p  and N a  no rm al su b g ro u p  o f  a t o p o lo g ic a l  
g ro u p . By a  w e ll  known th eo rem  o f  a lg e b r a ,  HDN i s ,  w ith  t h e  r e l a t i v e  
to p o lo g y , a  norm al su b g ro u p  o f  H. I t  fo l lo w s  from  th eo rem  % . l l  t h a t  
H /IN " i s  a  c lo s e d  norm al su b g ro u p  o f  H, and t h a t  (H A N )" and H7AN" a r e  
c lo s e d  norm al su b g ro u p s  o f  H” . I t  f o l lo w s  t h a t  t h e  c a n o n ic a l  m aps:
1 )  H-^HAN”/H ,
2 ) H "-> (H A N )"/H , and
3 ) H "-^ H -n N "/H "
a r e  c o n tin u o u s  open hom om orphism s, and th e  q u o t i e n t  s p a c e s  a r e  to p o lo ­
g i c a l  g ro u p s . F u r th e rm o re  HN i s ,  w i th  th e  r e l a t i v e  to p o lo g y , a  su b g ro u p
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o f  G. I f  H o r  N i s  o p en , HN i s  an  open  ( th u s  c lo s e d )  subg roup  o f  G.
Theorem 1 .2 1 : L e t  H b e  a  su bg roup  and N an  open no rm al su bg roup  o f  a
to p o lo g ic a l  g ro u p . Then HN/N i s  iso m o rp h ic  t o  I^ H /lN .
P ro o f ;  L e t  f:G -»G /N  b e  th e  c a n o n ic a l  map. When f  i s  r e s t r i c t e d  t o  H 
th e  im age i s  HN/N w ith  k e r n e l  H /IN . Thus HN/N i s  iso m o rp h ic  a s  an  ab ­
s t r a c t  group to  H /H /IN . L e t  h b e  th e  c a n o n ic a l  map o f  H o n to  H/H/IN 
and l e t  g b e  th e  a lg e b r a ic  isom orph ism  m apping H/R/IN  o n to  HN/N. Then 
f  a gh and b o th  f  and h a r e  c o n tin u o u s  and o p en . We m ust show g i s
open and c o n tin u o u s . L e t 7  b e  open i n  H. Then f ( 7 )  = g (h (7 ) )  i s  open
in  HN/N. S in c e  e v e iy  open s u b s e t  o f  ^ /H A N  i s  o f  t h e  form  h ( 7 ) ,  w here 
7  i s  open i n  H, i t  fo l lo w s  g maps open s e t s  t o  open s e t s .  Hence g i s  
o p en . Now l e t  U b e  open  i n  HN/N. Then f"^ (U )  = h“^ ( g ”^(U )) i s  open 
i n  H. S in c e  H/HAN h as  th e  q u o t ie n t  to p o lo g y , i t  f o l lo w s  g“^(TJ) i s  
open . Hence g i s  c o n tin u o u s .
Theorem 1 .2 2 ; The to p o lo g y  o f  a  to p o lo g ic a l  g roup  G i s  c o m p le te ly  r e g ­
u l a r ,  i . e . ,  i f  F i s  a  c lo s e d  s u b s e t  o f  G and a € G  -  F ,  th e n  t h e r e  i s  a  
c o n tin u o u s  r e a l  v a lu e d  f u n c t io n  f  su c h  t h a t  f ( x )  » 1 f o r  x e F ,  f ( a )  = 0 ,  
and 0  < f ( x )  ^ 1  f o r  a l l  x  €  G.
P ro o f ;  We show t h a t  i f  F i s  a  c lo s e d  s u b s e t  o f  G n o t  c o n ta in in g  /  , th e n
t h e r e  i s  a  c o n tin u o u s  r e a l  v a lu e d  f u n c t io n  f  su c h  t h a t  f ( x )  = 1 f o r  x<£ F ,
0 ^ f ( x ) ^ l ,  f o r  a l l  X e  G and f ( / )  = 0 . I t  w i l l  th e n  fo l lo w  by  th eo rem
1 .2  t h a t  G i s  c o m p le te ly  r e g u l a r  a t  e v e ry  p o i n t .
L e t  E = G -  F . Then /€ E  and t h e r e  i s  an  open sym m etric  n e lg h b o r -
2
hood U-]L o f  /  su ch  t h a t  U ^ C E . We c h o o se , i n d u c t i v e l y ,  a  sy s tem  o f
2
open sym m etric  n e ig h b o rh o o d s  o f  /  w i th  t h e  p r o p e r ty  n = 1 , 2 ,
3 ,  We s e t  Uq « E. S in c e  / €  U ^, we have  ^ ^ + 1 ^  ^ n '  o = 0 ,
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1 ) 2 , « « • •
Now f o r  each  r  * k /2 ’̂ , n = 0 ,  1 ,  2,  . . . and k = l ,  2 , Uf • . ,
2” , we d e f in e  an open n e ig h b o rh o o d  V (r)  o f  a s  f o l lo w s .
1 ) V ( l /2 ^ )  -  Un, n » 0 ,  1 ,  2 , . . .  .
2) V (2k /2” ‘̂ ^) -  V (k /2 n ) .
3) 7 ( (2 k + l) /2 n + l)  = 7 ( l / 2 " + l ) 7 ( 2 k / 2 n ) .
We s e t  7 q = jgf.
Then V ( l /2 n )7 (m /2 n )Ç :7 im + l) /2 n ) ,  f o r  m + l< 2 " .  F o r  i f  m = 2k , we
have:
V ( l /2 n )7 (2 k /2 ^ )  = 7 ( l / 2 R ) v ( k / 2 n - l )  = V(2k + l ) / 2" ) .
by 2) and 3 ).
F o r  m = 2k+-l, we p ro c e e d  t y  in d u c t io n .  I f  n = 1 ,  we have
7 ( 1 /2  )V ( l /2 )  = U ^ C u ^  = 7 ( 1 ) .
Now suppose
7 ( l /2 q -^ )7 (p /2 9 -T - )G 7 d :p + l) /2 9 -1 ) .
By d e f i n i t i o n  and 2 ) ,  we o b ta in
7 ( l / 2 q ) 7 ( l / 2 q ) 7 p / 2 q - l ) Ç : 7 ( l / 2 9 - l ) 7 p / 2 4 - l ) Q  
7 ( p + l ) / 2 l - l )  « 7 ( 2 ( p + l ) /2 4 ) .
Hence 7 ( l / 2 ^ )  C 7 ( l /2 ^ ) 7 ( p /2 ‘̂ "^3  ^ ’9 ( (2 p + 2 ) /2 '^ ) .
A p p ly in g  3) t o  th e  l e f t  s i d e ,  we o b ta in
7 ( l / 2 q ) 7 ( ( 2 p + l ) / 2 q ) Ç : ï ( ( ( 2p + l ) + l ) / 2S ) .
S in c e
1 ) t h e  p r o p o s i t io n  i s  t r u e  f o r  a l l  n i f  m = 2k ,
2) t h e  p r o p o s i t io n  i s  t r u e  i f  n = 1 , and
3 ) th e  a ssu m p tio n  t h a t  th e  p r o p o s i t io n  i s  t r u e  f o r  m = p and
n = q -1  l e a d s  t o  t h e  c o n c lu s io n  t h a t  t h e  p r o p o s i t io n  i s  t r u e
f o r  m = 2p + l and n = q .
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we c o n c lu d e  th e  p r o p o s i t io n  i s  t r u e  f o r  a l l  n .
We now d e f in e  th e  f u n c t io n ;
/
0 i f  x é V j ,  f o r  e v e iy  r ,  
f ( x )  = < 1 i f  x € 7 ^ ,
1 s u p j ^ r < l ,  x ^ V ^ o t h e r w i s e .
C l e a r l y / € 7 ^  f o r  e v e ry  r  so  f (  /  ) = 0 . F/17g^ = 0 ,  so  f ( x )  = 1
f o r  x e F ,  and 0 < f ( x ) ^ l .  We s t i l l  have to  show f  i s  c o n tin u o u s .
L e t  c5> 0  b e  a r b i t r a r y . Suppose f  (x )  < 1 f o r  some x ^ G ,  Then 
th e r e  a r e  i n t e r g e r s  m, n and k su c h  t h a t
m < 2^ < 2 '^, 1/ 2"^(5 and x €  V (m /2 ^ )-7 (m -l) /2 k )  .
L e t  y £ 7 ( l / 2 ^ ) x ;  th e n  y  e V ( l /2 ^ ) 7 ( m /2 ^ )  Ç 7 (  ( m + l) /2 ^ ) . From th e  c h o ic e  
o f  y ,  we have
y x - 1 ^  7 (1 /2 ^ )  and x y ’ ^ è  ( 7 (1 /2 ^ )  = 7 (1 /2% )
so  x 6 7 ( l /2 % ) y .
Suppose y e  7(m -2/2% ) ; th e n  i t  f o l lo w s  x e 7 ( l / 2 % ) y  e7 (l/2% )7((m -2 /2% )C 7(m -l/2% ) 
c o n tr a ry  t o  th e  c h o ic e  o f  x .  We c o n c lu d e  y ^ 7 (m -2 /2 % ) . T h is  means t h a t  
(m ~ 2 ) /2 % < f(y )< (m + l) /2 % . By c h o ic e  o f  x  we have  (m-l)/2%<$ f ( x ) <  m/2%. 
Com bining th e  two i n e q u a l i t i e s  we have - 2 /2 % < f  ( x ) - f  ( y ) <  2/2% . Thus 
j f ( x ) - f ( y ) | ^  2/2% < l /2 ^ < £ ^ . Now su p p o se  f ( x )  » 1 .  L e t  y e 7 ( l / 2 ^ ) x ,  
th e n  y ^ 7 (m /2 % ) f o r  m < 2 k -2 . F o r  i f  y 6 7 ( ( 2 k - 2 ) /2 % ) , we would have 
x e 7 %  and th u s  f ( x ) < l ,  c o n t r a r y  to  o u r  c h o ic e  o f  x . I t  f o l lo w s  t h a t  
l - ( 2 / 2 % ) < f ( y ) < l .  S in c e  f ( x )  = 1 ,  we have | f ( x ) - f  (y)j <  2/2% . So a g a in  
| f  ( x ) - f  (y)^ . Thus f  i s  c o n tin u o u s  on G and th e  th eo rem  i s  p ro v e d .
D e f in i t i o n  1 .2 3 : L e t  Ĝ ,̂ aC A  w here A i s  an  in d e x  s e t ,  b e  a f a m ily  o f
to p o lo g ic a l  g ro u p s . We d e f in e  th e  d i r e c t  p ro d u c t  G = T ^ G a  o f  th e  to p o ­
l o g i c a l  g ro u p s i n  th e  f o l lo w in g  way;
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1 ) The p o in t  s e t  o f  i s  t h e  C a r te s i a n  p ro d u c t  o f  th e  s e t s
Ga- We a ls o  d e n o te  t h e  C a r te s ia n  p ro d u c t  by  ^g^Ga-
2) An e lem en t x  ^  Q i s  d e n o te d  by  /x g Ja ^ ’A o r  by  , w here 
X a é  Ga •
3) I f  X = / x a j  and y  = / V a J  a r e  any  two e le m e n ts  o f  G, th e  p r o ­
d u c t xy i s  d e f in e d  c o o rd in a te - w is e  by  xy  = Za ,
w here x^yg» Za
li) I f  X « ^Xa] i s  an  e le m e n t o f  G th e n  x “^  = • The i d e n t i t y
o f  G i s  / / a l  w here i s  th e  i d e n t i t y  o f  G^.
5) A b a se  open s e t  o f  th e  to p o lo g y  f o r  G i s  d e f in e d  to  b e  a  s e t
o f  th e  fo rm  w here Uĝ  i s  an  open s e t  i n  th e  to p o lo g y
f o r  Gg and a l l  b u t  a  f i n i t e  number o f  th e  Ua a r e  e q u a l  t o  th e
c o rre sp o n d in g  G^.
T h is  to p o lo g y  i s  c a l l e d  th e  p ro d u c t  t o p o l o ^  and i s  th e  o n ly  to p o lo g y  we 
c o n s id e r  f o r  p ro d u c t  t o p o lo g ic a l  g ro u p s .
Theorem 1 .2 b : The d i r e c t  p ro d u c t  Tj^Gg = G o f  t o p o lo g ic a l  g ro u p s a s
d e f in e d  by d e f i n i t i o n  1 . 2b i s  a  t o p o lo g ic a l  g ro u p .
P ro o f :  I t  i s  w ell-know n t h a t  G i s  a  g ro u p . S in c e  th e  t o p o l o ^  f o r  G i à
th e  p ro d u c t to p o lo g y  o f  T g -s p a c e s , i t  i s  Tg. C o n t in u i ty  o f  th e  group 
o p e ra t io n  o f  G i s  an im m ed ia te  co n seq u en ce  o f  th e  c o n t in u i ty  i n  each  
c o o rd in a te  and th e  f a c t  t h a t  f i n i t e  i n t e r s e c t i o n s  o f  open s e t s  a r e  open .
A to p o lo g ic a l  sp a c e  X i s  s a id  t o  b e  c o n n e c te d  i n  c a se  t h e  o n ly  
s u b s e t s  o f  X w hich  a r e  b o th  open and c lo s e d  a r e  ^  and X. I f  A and B 
a r e  c o n n e c te d  s u b s e t s  o f  a  t o p o lo g ic a l  sp a c e  and A/^B  ̂0 ,  th e n  AÜB i s  
c o n n e c te d . I f  x  i s  a  p o in t  o f  a  t o p o lo g ic a l  sp a c e  X, th e n  x  i s  con­
t a i n e d  i n  a  m axim al c o n n e c te d  s u b s e t ,  c a l l e d  th e  component o f  x .  Corn-
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p o n e n ts  a r e  c lo s e d ,  and th e  im age o f  a  c o n n e c te d  s e t  u n d e r  a  c o n tin u o u s
map i s  c o n n e c te d . I f  G i s  a  t o p o lo g ic a l  group and G i s  c o n n ec te d  we say
G i s  a  co n n ec ted  t o p o lo g ic a l  g ro u p .
Theorem 1 , 2 $ : The com ponent C o f  /  o f  a  to p o lo g ic a l  g roup  G i s  a  norm al
su b g ro u p . I f  a ^ G ,  th e n  th e  com ponent o f  a  i s  aC.
P ro o f ; We p ro v e  th e  l a s t  a s s e r t i o n  f i r s t .  L e t  a e  G; th e n  aC i s  c o n n e c t­
ed s in c e  t r a n s l a t i o n s  a r e  hom eom orphism s. To show t h a t  aC i s  t h e  compon­
e n t o f  a ,  we su p p o se  th e  c o n t r a r y .  L e t  A b e  th e  com ponent o f  a j  th e n  
aC Ç A . Suppose aC ^ A; th e n  C = a ”^aC Q a“^A and a"^A . B ut a"^A i s  
c o n n e c te d , c o n t r a d ic t in g  th e  m a x im a lity  o f  C. Thus we co n c lu d e  aC = A.
Now su p p o se  x G C .  Then x “^C i s  c o n n ec te d  and / g , so 
x~^C/^C ^ 0  . Thus x ”^G UC i s  c o n n e c te d  a n d , from  th e  m a x im a lity  o f  C, 
we have x “^CUC = C; h en ce  x ”^C C C . S in c e  x  was an a r b i t r a r y  e le m e n t 
o f  C we have G“^C Ç C j i . e . ,  G i s  a  su b g ro u p . L e t  a €G j th e n  aCa“^ i s  
c o n n ec te d  and /g a G a " ^ ,  so  aGa”^ G .  Thus G i s  norm al i n  G, G i s  c lo s e d  
s in c e  i t  i s  a  com ponent.
Theorem 1 .2 6 ; L e t  G b e  a  to p o lo g ic a l  g ro u p . Suppose G i s  c o n n ec te d  
and V i s  a ry  n e ig h b o rh o o d  o f  /  j th e n  7  i s  a s e t  o f  g e n e r a to r s  f o r  G. 
P ro o f :  T  i s  a  s e t  o f  g e n e r a to r s  f o r  some su b g ro u p , sa y  H, o f  G. We
m ust show H » G. L e t  x  €  Hj th e n ,  s in c e  V ^ H , we have 7x  6 HH = H . Hence 
H c o n ta in s  a  n e ig h b o rh o o d  o f  each  o f  i t s  p o i n t s .  Thus H i s  open and 
t h e r e f o r e  c lo s e d .  S in c e  G i s  c o n n e c te d , we m ust have H = ^  o r  H = G. 
S in c e  / €  H, we have  H = G.
C o r o l la r y ; I f  th e  com ponent C o f  /  o f  a  t o p o lo g i c a l  g roup  G c o n ta in s  
an  i n t e r i o r  p o i n t ,  th e n  G i s  an  open  no rm al su b g ro u p  o f  G and hence  G/C
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i s  d i s c r e t e .
Theorem 1 . 2 7 : I f  H i s  a  su bg roup  o f  a  c o n n e c te d  to p o lo g i c a l  g roup  G,
th e n  G/H i s  c o n n e c te d . C o n v e rse ly , i f  G i s  a  t o p o lo g i c a l  g roup  and H 
i s  a  co n n ec ted  su bg roup  su c h  t h a t  G/H i s  c o n n e c te d , th e n  G i s  c o n n e c te d . 
P ro o f :  G/H i s  t h e  c o n tin u o u s  im age o f  a  c o n n e c te d  s p a c e | th u s  G/H i s
c o n n e c te d . F o r  t h e  c o n v e rs e ,  su p p o se  G = üUV> U and V a r e  b o th  open 
and « 0 '.  I f  f  i s  t h e  c a n o n ic a l  map o f  G o n to  G/H, th e n  f  (U) and
f(V ) a r e  open , G/H = f ( U ) L / f ( 7 ) ,  and f ( U ) / ^ f ( V ) / s i n c e  G/H i s  con ­
n e c te d . T here  i s  an  a ^  G su ch  t h a t  aH = f ( a ) é  f (U ) /O f  Cv) , Hence 
aHAU =jZ^and aH /17 = ^  . B u t aH = ( aH/^V)L/(aH/^U) . S in c e  aH i s  c o n n e c t­
e d , i t  f o l lo w s  V and Ü have a t  l e a s t  one p o in t  o f  aH i n  common. T h is  
c o n t r a d ic t io n  e s t a b l i s h e s  th e  th eo re m .
A to p o lo g ic a l  sp a c e  i s  s a id  to  b e  t o t a l l y  d is c o n n e c te d  i n  c a se  
th e  com ponent o f  e v e iy  p o in t  i s  a  s in g l e to n  s e t .  A n e c e s s a ry  and s u f f i ­
c i e n t  c o n d i t io n  f o r  a  t o p o lo g ic a l  g roup  G to  b e  t o t a l l y  d is c o n n e c te d  i s  
t h a t  th e  com ponent o f  /  he  f / J  * To s e e  t h i s ,  r e c a l l  t h a t  t r a n s l a t i o n s  
a r e  hom eom orphism s.
C o r o l la r y : L e t G b e  a  t o p o lo g ic a l  g roup  and l e t  G b e  th e  com ponent o f
/ .  Then G/C i s  t o t a l l y  d is c o n n e c te d .
A subg roup  H o f  a  to p o lo g ic a l  g roup  G i s  s a id  t o  b e  c e n t r a l  i n  
c a s e  x y x “^ = y  f o r  a l l  y  €  H and x 6  G. The m axim al c e n t r a l  su b g ro u p  i s  
c a l l e d  th e  c e n t e r  o f  G. A c e n t r a l  su b g ro u p  H i s  A b e lia n  and i s  o b v io u s ly  
a  norm al su b g ro u p .
Theorem 1 .2 8 ; E very  d i s c r e t e  ( t o t a l l y  d is c o n n e c te d )  no rm al su b g ro u p  H 
o f  a  c o n n e c te d  to p o lo g i c a l  g roup  G i s  c e n t r a l .
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P ro o f :  Suppose H i s  d i s c r e t e  and a ^ H |  t h e n  t h e r e  i s  a  ne ig h b o rh o o d  V
o f  a  su c h  t h a t  * i!* a  J  . S in c e  / a / "  = a ,  t h e r e  i s  a  n e ig h b o rh o o d ,
U o f  /  su c h  t h a t  UaU"^CV, Now, s i n c e  H i s  n o rm a l ,  xax""^H A V  f o r  a l l  
x € U j  h ence  x a x “^ = a .  S in c e  U i s  a  s e t  o f  g e n e r a t o r s  f o r  G, i t  f o l lo w s  
t h a t  a  commutes w i th  e v e ry  e le m e n t  o f  G. Hence H i s  c e n t r a l .  Now su p ­
po se  H i s  t o t a l l y  d i s c o n n e c te d .  L e t  a ^ H ,  and c o n s i d e r  t h e  map x -^ x a x ”^ ,  
X  €  G, o f  G i n t o  H. S in c e  t h e  o n ly  c o n n ec te d  s u b s e t s  o f  H a r e  s i n g l e  
p o i n t s ,  G i s  c o n n e c te d ,  and t h e  map x->^xax”^  i s  c o n t in u o u s ,  i t  f o l lo w s  
t h a t  t h e  component o f  t h e  im age o f  G w hich  c o n ta in s  a  must o f  £aj .
Hence x a x “^  « a f o r  a l l  a € H  and x ^ G j  t h a t  i s ,  H i s  c e n t r a l .
R e c a l l  t h a t  a  t o p o l o g i c a l  s p a c e  X i s  com pact i n  c a s e  e v e ry  open 
c o v e r  f o r  X has  a  f i n i t e  s u b c o v e r .  A t o p o l o g i c a l  sp a c e  X i s  s a i d  t o  be  
l o c a l l y  compact i n  c a se  e v e ry  e le m e n t  x £ X  h as  a  n e ig h b o rh o o d  whose 
c lo s u r e  i s  com pact. I f  G i s  a  t o p o l o g i c a l  g roup and G i s  compact 
( l o c a l l y  compact) we s a y  t h a t  G i s  a  compact ( l o c a l l y  compact) t o p o l o ­
g i c a l  g ro u p . A f a m i ly  Oi o f  s e t s  i s  s a i d  t o  have  t h e  f i n i t e  i n t e r s e c t i o n  
p r o p e r t y  i n  c a s e  e v e iy  f i n i t e  s u b fa m ily  h as  non-em pty  i n t e r s e c t i o n .  I t  
i s  e a s i l y  se en  u s i n g  t h e  DeMorgan r u l e s ,  t h a t  a  t o p o l o g i c a l  sp a c e  i s  
compact i f  and o n ly  i f  e a c h  f a m i ly  o f  c lo s e d  s e t s  w hich  has  t h e  f i n i t e  
i n t e r s e c t i o n  p r o p e r t y  h as  n o n -v o id  i n t e r s e c t i o n .  R e c a l l  t h a t  t h e  image 
o f  a  compact ( l o c a l l y  com pact) s p a c e  u n d e r  a  c o n t in u o u s  ( c o n t in u o u s  
open) map i s  compact ( l o c a l l y  c o m p a c t) .  A c lo s e d  s u b s e t  o f  a  compact 
sp a ce  i s  compact and i f  a  t o p o l o g i c a l  s p a c e  i s  Tg th e n  e v e ry  com pact  ̂
s u b s e t  i s  c lo s e d .
Lemma: L e t  G b e  a  t o p o l o g i c a l  g ro u p .  Suppose A and B a r e  compact su b ­
s e t s  o f  G. Then AB i s  com pact.
PS?oof: The m apping ( x , y ) —»xy i s  c o n t in u o u s  on AXB and maps AXB o n to
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AB. Thus AB i s  t h e  c o n t in u o u s  image o f  t h e  com pact s e t  A'X^B. Hence 
AB i s  com pact.
The f o l lo w in g  th eo re m  i s  an  im m ed ia te  con seq u en ce  o f  t h e  f a c t  
t h a t  t h e  c a n o n ic a l  map i s  a  c o n t in u o u s  open homomorphism.
Theorem 1 . 2 9 : L e t  G b e  a  com pact ( l o c a l l y  com pact) g roup and N a  su b ­
g ro up , Then G/N i s  compact ( l o c a l l y  c o m p ac t) .
Theorem 1 . 3 0 ; L e t  G b e  a  group w h ich  i s  g e n e r a te d  by  a  compact symme­
t r i c  n e ighb o rhoo d  TJ o f  /  . Then G c o n ta in s  a  su b g ro u p  H w i th  a  f i n i t e  
s e t  o f  g e n e r a t o r s  su c h  t h a t  G = HU.
P ro o f :  L e t  U* b e  t h e  i n t e r i o r  o f  U. S in c e  i s  com pact, t h e r e  i s  a
f i n i t e  s e t  o f  e le m e n ts  a ^ ,  a g , .  . . a ^  o f  G su c h  t h a t
L e t  H b e  t h e  sub group  g e n e r a te d  by th e  e le m e n ts  a ^ ,  3 2 , • • . a^^. We 
have U^CHU. Suppose HU. Then U^'^^ÇHU^ÇHHU = HU. Thus U'^CHU
f o r  e v e ry  n .  T h e r e fo r e  G = L ^ U " ^  HU. S in c e  HUC G, we have G = HU.
D e f i n i t i o n  1 . 3 1 : L e t  G b e  a  t o p o l o g i c a l  g roup  and l e t  R b e  t h e  a d d i ­
t i v e  g roup  o f  r e a l  numbers w i th  u s u a l  to p o lo g y .  A c o n t in u o u s  homomor­
p h ic  image o f  R i n  G i s  c a l l e d  a  o n e -p a ra m e te r  sub group  o f  G. We s h a l l  
d e n o te  t h e  c o n t in u o u s  homomorphism by h and t h e  o n e -p a ra m e te r  subgroup  
h d e te rm in e s  by  h ( R ) . An e le m e n t  o f  h(R) i s  d e n o te d  by h ( t ) ,  where 
t g R .
Every t o p o l o g i c a l  g roup  G h a s  t h e  t r i v i a l  o n e -p a ra m e te r  su b g ro u p ,
h ( t )  « 1 f o r  a l l  1 6 R .  I f  h(R) i s  a  n o n - t r i v i a l  one p a ra m e te r  sub group
and t h e r e  e x i s t s  some t ' ^ 0  su c h  t h a t  h ( t * )  = /  , th e n  t h e  image b f  R i s
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homeomorphic t o  a  c i r c l e .  I f  h ( t )  = /  o n ly  f o r  t  = 0 ,  th e n  t h e  image 
h(R) i s  a  o n e - to - o n e ,  c o n n ec te d  im age o f  R. However, h(R) may n o t  b e  
homeomorphic t o  R. F o r  exam ple , l e t  I  d e n o te  t h e  i n t e g e r s  and l e t  
y  = mx b e  a  o n e -p a ra m e te r  subg roup  i n  R X R . C o n s id e r  t h e  image o f  
y  = mx i n  t h e  t o r u s  g roup  R / I % R / l . I f  m i s  r a t i o n a l  th e  image i s  a  
s im p le  c lo s e d  c u rv e ,  b u t  i f  m i s  i r r a t i o n a l  t h e  im age i s  d e n se  i n  
R / I ) < R / I .
Theorem 1 . 3 2 ; L e t  G b e  a  l o c a l l y  compact g ro u p . Then e v e iy  o n e - p a r a ­
m e te r  subgroup  f (R )  i s  e i t h e r  iso m o rp h ic  t o  R o r  f (R )  i s  c o n ta in e d  
i n  a  compact subgroup  o f  G.
P ro o f :  L e t  H d e n o te  t h e  c l o s u r e  o f  t h e  g roup  f ( R ) . Then H i s  a  c lo s e d
A b e l ia n  su b g ro u p . Suppose t h e r e  i s  a  ne ig h b o rh o o d  u  o f  / i n  H and a
r e a l  number t ' su c h  t h a t  U<lf(R) c o n ta in s  no e le m e n t  f ( t )  f o r  t > t ' .
I n  t h i s  c a s e  f  i s  an iso m orph ism . We now su p p o se  f  i s  n o t  an  iso m o r­
phism , th e n  ev e ry  sym m etric  n e ig h b o rh o o d  o f  /  c o n ta in s  e le m e n ts  o f  f (R ) 
f o r  a r b i t r a r i l y  l a r g e  t .  We w i l l  s h o w ,fo r  t h i s  c a s e ,  t h a t  H i s  com pact.
L e t  Y b e  an open sym m etric  n e ig h b o rh o o d  o f  / i n  H, su ch  t h a t  V“
i s  com pact. S in c e  f (R )  i s  d e n se  i n  H, e v e ry  e le m e n t  x ^  H i s  a  member o f
f ( t ) 7  f o r  some t  > 0 ,  S in c e  Y~ i s  compact t h e r e  i s  a  f i n i t e  s e t  o f  p o s i ­
t i v e  r e a l s  t ^ ,  t g .  . . ,  t ^  su c h  t h a t  V ^ ^ L ^ f ( t ^ ) 7 .  L e t  t *  = max ^ t ^ ,  
t £ ,  . . . ,  t ^ J .
Now l e t  X b e  an a r b i t r a r y  e lem en t  o f  H and d e f i n e  
t '  = i n f £ t j t > 0 ,  1 6 R  and x £ f ( t ) V ‘̂ .
Now i s  x € f ( t ' ) V ” t h e n  ( f ( t * ) ) " ^ x ë E 7 " .  S in c e  V i s  sym m etric  and H i s  
A b e l ia n ,  we have
f ( t ' ) x - l  .  x - l f ( t ' )  .
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S in c e  t h e  f ( t ^ ) 7  c o v e r  V“ , t h e r e  i s  a t  l e a s t  one  o f  t h e  t ^ ,  tg ^  . . 
tn> s a y  tj^ , su c h  t h a t
f ( t ' ) x " l c f ( t i ) 7 C f ( t i ) 7 - .  Then 
x € f ( t ' - t ^ ) Y "  and x “’̂ £  f  ( t ^ - t  ’ ) 7 “ .
I t  f o l lo w s  from, t h e  d e f i n i t i o n  o f  t ' ,  t h a t  t '< t ; j ^ .  Hence t ' ^ t * .  S in c e  
X  was an  a r b i t r a r y  e le m e n t  o f  H, i t  f o l lo w s  t h a t  H (^ f (T )7 "  where 
T = £ t | 0 ^ t ^ t * _ ^  . S in c e  H i s  a  c lo s e d  s u b s e t  o f  t h e  compact sp a c e  
f (T ) 7 ~ ,  i t  f o l lo w s  H i s  com pact.
C o r o l l a r y : L e t  I  d e n o te  t h e  a d d i t i v e  g roup  o f  i n t e g e r s  w i th  t h e  d i s ­
c r e t e  to p o lo g y .  L e t  f  b e  a  homomorphic map (c o n t in u o u s  by d e f a u l t )  o f
I  i n t o  a  l o c a l l y  com pact g roup  G„ Then e i t h e r  f  i s  an isom orph ism  o r  
f ( l )  i s  c o n ta in e d  i n  a  compact sub group  o f  G.
P ro o f :  The p r o o f  i s  e n t i r e l y  a n a la g o u s  t o  th e  p r o o f  o f  t b e  above
theo rem . One need o n ly  s u b s t i t u t e  I  f o r  R.
D e f i n i t i o n  1 . 3 3 : A t o p o l o g i c a l  g roup  G i s  c a l l e d  a  L ie  group i n  c a s e :
1 )  T here  e x i s t s  a  homeomorphic map o f  a  n e ig hborhood  U o f  
t h e  i d e n t i t y  o n to  a  ne ig hbo rh ood  o f  t h e  o r i g i n  o f  some
E u c l id e a n  sp a c e  su c h  t h a t  ^ (  / ) = (O, 0 ,  . . . ,  O ) .
Thus each  p o i n t  x€.U c o r re s p o n d s  t o  an  n -d im e n s io n a l  v e c t o r
V^(x) « Xg, . . . ,  X n ) é E n .  We c a l l  t h e  p o i n t s  xg^,
i  » 1 ,  2 ,  . . . n ,  t h e  c o o r d i n a t e s  o f  x .  The number n i s  
c a l l e d  t h e  d im e n s io n  o f  t h e  L ie  g roup  G a t  1 .
2) L e t  7  b e  a  n e ig h b o rh o o d  o f  / su ch  t h a t  7 ^ ^  TJ. I f  x ,y g " 7 ,
th e n  x y e U ,  and we have  z = xy = f ( x , y ) .  We r e q u i r e  t h a t
f  be  an  a n a l y t i c  f u n c t i o n  o f  x  and y .  More p r e c i s e l y ,  s i n c e  
X ,  y ,  and z a l l  have  c o o r d i n a t e s ,  t h e  r e l a t i o n  z = f ( x , y )
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can  b e  w r i t t e n  X2» , ^ 2 '  • • - j  7 ^ ) ,
1 = 1 ,  2 ,  . . . ,  n .  I n  t h i s  fo rm , t h e  r e q u i r e m e n t  i s  t h a t
each  o f  t h e  f u n c t i o n s  b e  a n a l y t i c .
S in c e  r i g h t  and l e f t  t r a n s l a t i o n s  a r e  homeomorphisms, e v e ry  p o i n t  
o f  a  L ie  g roup has  a  n e igh bo rho od  s a t i s f y i n g  c o n d i t i o n  1) o f  t h e  above 
d e f i n i t i o n  and t h e  d im en s io n  o f  a  L ie  g roup  a t  e v e ry  p o i n t  i s  t h e  same. 
I f  x , y £ G  and xy  = z ,  t h e n  c l e a r l y  t h e  f u n c t i o n  z = f ( x , y )  i s  a n a l y t i c .  
S in ce  x / =  x  and / y  * y  we have  x  = f ( x , / )  and y  = f ( / , y ) .  Thus
fjj^(x“| ,̂ x ^ j  ® ® j x^  ̂  0 ,0  » . . 0 ) — Xj ,̂
and f i ( 0 ,  0 ,  . . . ,  0 ;  y ^ ,  y 2 , . . . y ^ )  =
L A -  j., _ r .  . .  4 r  ir ^ 1
0 i f  i  = j
I t  f o l lo w s  t h a t  i f  x  = 1 , - _ i  = <̂ 445 and i f  y  = 1 ,  —A  » S - w h e r e
9 y j  dX j
1 i f  i  = j
I n  1900 a t  t h e  I n t e r n a t i o n a l  C o n g ress  o f  M athem atics  H i l b e r t  posed 
23 p rob lem s he c o n s id e r e d  w orthy  o f  t h e  a t t e n t i o n  o f  m a th e m a tic ia n s .
Most o f  t h e s e  w ere  f a i r l y  q u ic k ly  s o l v e d ,  b u t  some o f  them proved  t o  be  
more d i f f i c u l t .  Among t h e s e  was h i s  f i f t h  p rob lem  w hich e s s e n t i a l l y  
a s k s ,  " I s  c o n d i t i o n  2) o f  d e f i n i t i o n  1 .3 3  a  co n seq uence  o f  c o n d i t i o n  1 ) ? "  
Some o f  th e  most d i s t i n g u i s h e d  m a th e m a tic ia n s  o f  t h i s  c e n tu ry  worked on 
t h e  p rob lem ; how ever, i t s  c o m p le te  s o l u t i o n  was n o t  found u n t i l  1952, 
by G leaso n . The r e m a in d e r  o f  t h i s  t h e s i s  w i l l  g iv e  a p a r t i a l  s o l u t i o n  
o f  t h e  p rob lem .
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INTEGRATION ON LOCALLY COMPACT GROUPS
We s h a l l  now c o n s t r u c t  an i n t e g r a l  f o r  l o c a l l y  compact t o p o l o g i ­
c a l  g ro u p s .  We w i l l  show t h a t  t h i s  i n t e g r a l  i s  r i g h t  i n v a r i a n t  and i s  
u n iq u e  up t o  a  c o n s t a n t  m u l t i p l i e r .  As t h e  c o n s t r u c t i o n  i s  f a i r l y  lo n g  
i t  i s  d iv id e d  i n t o  a  s e r i e s  o f  lemmas. I n  t h e s e  lemmas we w i l l  assume 
t h a t  G i s  a  l o c a l l y  compact g roup  w i th o u t  e x p l i c i t  m en tio n .  N o ta t io n  i s  
c u m u la t iv e  from  lemma t o  lemma. The c o n s t r u c t i o n  g iv e n  h e re  has  t h e  a d ­
v a n ta g e s  o f  b e in g  i n t u i t i v e l y  p l a u s i b l e  and in d e p e n d e n t  o f  t h e  g roup 
s t r u c t u r e .  F o r  o t h e r  c o n s t r u c t i o n s  o f  i n v a r i a n t  i n t e g r a l s  t h e  r e a d e r  
i s  r e f e r r e d  t o  \ j ] » [X l , [ l l j  and P au l Halmus, M easure T h eo ry .
A c a r r i e r  o f  a  f u n c t i o n  i s  a  s e t  o u t s i d e  o f  which th e  f u n c t i o n  
v a n i s h e s .  L e t  G b e  a  t o p o l o g i c a l  g ro u p .  We w i l l  d e n o te  hy L t h e  c o l ­
l e c t i o n  o f  a l l  r e a l - v a l u e d  c o n t in u o u s  f u n c t i o n s  on G w i th  compact 
c a r r i e r s .  We s h a l l  o c c a s i o n a l l y  r e f e r  t o  " th e  c a r r i e r "  o f  a  f u n c t i o n  
f j  i t  i s  d e f in e d  t o  be  t h e  c lo s u r e  o f  t h e  s e t  on w hich f  does n o t  v a n ­
i s h .  A f u n c t i o n a l  I  on L i s  s a i d  t o  b e  r i g h t  i n v a r i a n t  i n  c a s e l ( f ( x s ) )
» T ( f ( x ) )  f o r  f € L  and s €  G. A f u n c t i o n a l  I  i s  s a i d  to  b e  l i n e a r  i n  
c a s e  I ( f + g )  » 1 ( f )  + 1 (g )  and l ( c f )  = c l ( f ) ,  f o r  c a r e a l  number.
We n o te  t h a t  i f  f , g , h € L ,  th e n  f + g £ L ,  ( f+ g )+ h  = f + ( g + h ) ,  t h e  
z e ro  f u n c t i o n  i s  a  member o f  L ,  - f  €  L and f+ g  = g + f .  Thus L i s  i t s e l f  
an A b e l ia n  g ro u p . We s e t  d ( f , g )  = s u g | f ( x ) - g ( x ) j . Then L becomes a 
m e t r ic  s p a c e ;  and i n  t h e  m e t r i c  to p o lo g y  in d u c e d  by d ,  L becomes a 
t o p o l o g i c a l  g ro u p .  We s h a l l  n o t  i n v e s t i g a t e  t h i s  i n t e r e s t i n g  p o in t  
f u r t h e r .
25
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L e t  f  and g b e  two n o n - n e g a t iv e  f u n c t i o n s  d e f in e d  on a  t o p o l o g i ­
c a l  g roup  G. C o n s id e r  a l l  f i n i t e  sy s te m s  o f  e le m e n ts  s ^ ,  S2 , . . . ,  s^
o f  G and n o n - n e g a t iv e  r e a l  c o n s t a n t s  c ^ ,  c ^ ,  . . . c^  su ch  t h a t
n n
Cj^gCxSj^ ) ,  f o r  a l l  x .  We d e f i n e  ( f : g )  = i n f ^ %  i f  i t
e x i s t s ,  where t h e  infim um  i s  ta k e n  o v e r  a l l  t h e  above sy s te m s .  I f  i n f l H c .
1=1 1
does n o t  e x i s t  we s e t  ( f s g )  * + 00 .
The c o l l e c t i o n  o f  a l l  n o n - n e g a t iv e ,  r e a l - v a l u e d ,  c o n t in u o u s  f u n c ­
t i o n s  w i th  compact c a r r i e r s  d e f in e d  on a t o p o l o g i c a l  g roup  w i l l  b e  d e ­
n o te d  by  L * .
I f  geL'*’ t h e n ,  f o r  f i x e d  s ,  t h e  f u n c t i o n s  whose v a lu e s  a r e  g iv en  
by g (x s )  and g ( s " ^ x )  b e lo n g  to  L+. T h is  i s  an im m edia te  consequence  o f
t h e  f a c t  t h a t  t h e  m appings x -> x s  and x - » s " ^ x  a r e  homeomorphisms. We
w i l l  som etim es d e n o te  by  Sg th e  f u n c t i o n  d e f in e d  by Sg(x) * g ( x s ) .
L e t  G b e  a  t o p o l o g i c a l  g roup  and B a s u b s e t  o f  G. A r e a l - v a l u e d  
f u n c t i o n  f ( x )  d e f in e d  a s  B i s  s a i d  t o  b e  u n i fo rm ly  c o n t in u o u s  on B i f  
f o r  e v e ry  t h e r e  e x i s t s  a  n e ig h b o rh o o d  7  o f  / su c h  t h a t  j f ( x )  -  f ( y ) j < £ ’
whenever x  g  Vy and x , y € B .
00
L e t  G b e  a  t o p o l o g i c a l  g roup  and T a  s u b s e t  o f  G. A s e r i e s  y  ' f ^ ( x )
k = l
o f  r e a l  v a lu e d  f u n c t i o n s  d e f in e d  on T i s  s a id  t o  co n v erg e  u n i fo rm ly  
on T i n  c a se  f o r  e v e ry  > 0  t h e r e  i s  a  n e ig h b o rh o o d  7  o f  /  and an i n t e ­
g e r  p su c h  t h a t
< 6
p+q
f o r  a l l  p o s i t i v e  i n t e g e r s  q w henever x £ 7 y  f o r  a l l  x , y  E  T.
We n o te  t h a t  many s t a n d a r d  adv anced  c a l c u l u s  a rgum en ts  i n v o lv i n g  
u n ifo rm  c o n t i n u i t y  and u n i fo rm  c o n v e rg e n c e  f o r  r e a l  v a r i a b l e s  can be  
m o d if ie d  f o r  c o r r e s p o n d in g  a rg u m e n ts  i n  t o p o l o g i c a l  g ro u p s .  One need
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o n ly  s u b s t i t u t e  “w henever x y "^ S  V and x , y ^ B ” f o r  "w henever f x - y  j c  (f 
f o r  a l l  x , y  ë  [ a ,b 3 ” - I n  v iew  o f  t h i s ,  we s h a l l  n o t  o f f e r  t h e  an a lo g o u s  
p r o o f s .
Lemma 2 . 1 : Suppose f , g g L*̂  and t h a t  g ^ O ,  th e n  ( f s g )  e x i s t s  a s  a  r e a l
number.
P ro o f ;  S in c e  g ^  0 and g(x):^0 , t h e r e  i s  an open ne ighborhood  U, w i th  
compact c l o s u r e ,  on w hich  th e  in f in u m  ra o f  t h e  v a lu e s  o f  g i s  p o s i t i v e .  
Suppose W i s  t h e  c a r r i e r  f o r  f  (by  d e f i n i t i o n  ¥  i s  co m p a c t) . Then ¥
_X
can be  co v ered  by  a f i n i t e  number o f  s e t s  Us^ , i  = 1 ,  2 , . . . ,  n .
S in c e  f ,g € L '* ’, i . e . ,  g and f  a r e  c o n t in u o u s  on compact s e t s ,  f  and g
a r e  bounded . Suppose f ( x X M .  Then
n m
f  (x )<  Z Z  §g(3cs^) = M /m 2_7 g(xS jL )^ (M /m )(nk) = MK/m, 
i = l  i = l
where k = s u p ^ ( g ( x s ^ ) ) .
From t h i s  i t  f o l lo w s  ( f  : g ) ^  MK/m.
¥e s h a l l  assume from  h e re  on t h a t  g ^ O  i n  t h e  e x p re s s io n  ( f ; g ) .
Lemma 2 . 2 ; Suppose f  , g , h  €L"*". Then ( f : g )  s a t i s f i e s  t h e  f o l lo w in g  con­
d i t i o n s  ;
1 )  ( f s g )  i s  a  n o n - n e g a t iv e  r e a l  number,
2) (S f s g )  = ( f s g ) ,  ( r e c a l l  S f  i s  d e f in e d  by  S f (x )  » f ( x s ) ) ,
3) ( c f s g )  « c ( f s g )  w here ci^-O i s  a  r e a l  c o n s t a n t ,
U) ( f % + f 2 : g ) < : ( f i : g ) + ( f 2 : g ) ,  i f
^ )  ( f : g ) < T ( f : h ) ( h : g ) .
P ro o f :  C l e a r ly  ( f ; g )  s a t i s f i e s  l ) ,  2 ) ,  3) and 1 |) . ¥e p ro v e  c o n d i t i o n  ^)
I f
f  (x )  < ^ ^ C j^ h ( x s £ )  and h (x ) ;^  J~ ^ b j g ( x t j ) , th e n  
X J
^ Ç b j g ( x S j ^ t j )  = ^ 2 ^ c ^ b jg ( x S j^ t j ) .
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lemma 2 . 3 ; ( f s g )  * 0  i f  and o n ly  i f  f  =  0.
P r o o f :  I f  f S O  c l e a r l y  ( f ; g )  = 0 .  Now su p p o se  f ^ O ;  we w i l l  show
( f : g ) > 0 .  S in c e  f  ( x ) ^  ^ ' c .  g ( x s . ) , i t  f o l lo w s  t h a t
i
sup  ' c .  sup  g = sup  g ^  c . .
i  i  1
Hence sup  f / s u p  g<T^% c ; t h e r e f o r e  O^’sup  f / s u p  g « $ ( f : g ) .
1
L e t  f  jEL ^, f g ^  0 ,  b e  c h o sen  and f i x e d  once and f o r  a l l .  We de­
f i n e  I g ( f )  -  ( f : g ) / f o : g ) .
Lemma 2 .U :
1 )  I g ( f )  i s  a  n o n - n e g a t iv e  r e a l  number,
2) I g ( S f )  » I g ( f ) ,
3) I g ( c f )  = c l g ( f ) ,  c and r e a l ,
U) I g C f ^ + f g ï ^ I g C f i ï + I g C f g ) ,  f o r  a l l  f ^ . f g S L " ^ ,  and
5 )  l / ( f o : f ) 4 I g ( f ) 4 ( f : f o ) •
P ro o f :  P r o p e r t i e s  1 ) ,  2 ) ,  3) and U) a r e  im m ed ia te  c o r o l l a r i e s  o f  t h e
c o rre s p o n d in g  p r o p e r t i e s  o f  lemma 2 . 2 .  By p r o p e r t y  o f  lemma 2 .2  we 
have ( f  :g )4 !  ( f  : f o )  ( fo ^ g )  • Thus ( f : g ) / ( f g : g ) 4 ^ ( f : f o ) .  I n t e r c h a n g in g  
t h e  r o l e s  o f  f  and f ^ ,  we have
o r  t h a t  l / f ^ î f  ) < ( f  : g ) / ( f o : g )  .
From t h e  two i n e q u a l i t i e s  we have
l / ( f o : f  )  4  ( f  : g ) / ( f o : g )  4 ( f  : f o )  o r  t h a t  l / ( f o î f  ) <  I g ( f  X  ( f  î f o )  
G o r o l l a iy :  I g ( f o )  “ 1 and I g ( l g ( f ' ) f )  = I g ( f ' ) l g ( f ) .
The s e t  o f  a l l  f u n c t i o n s  fEL"*" which have  c a r r i e r  U w i l l  b e  d e ­
n o te d  by  F^ .
n
Lemma 2 . 5 s Suppose f .^L "*" , i  = 1 ,  2 ,  . . n ,  and t h a t  f j ^ ( x ) 4 1 .
^  i = l
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I f  0 < S ,  t h e r e  i s  a  n e ig h b o rh o o d  U o f  /  su c h  t h a t
^ I g C f f ^ X l g C f )(!+<£:) f o r  a l l  f
P ro o f :  S in c e  t h e  f u n c t i o n s  f ^  have com pact c a r r i e r s ,  th e y  a r e  u n i fo rm ­
l y  c o n t in u o u s  on G. Hence t h e r e  i s  a  n e ig h b o rh o o d  U o f  /  su c h  t h a t  
■K- j f \ ^ s ) - f \ ( 8 ' ) | < 5 / n ,  i  = 1 ,  2 ,  3 ,  . . e , n ,  f o r  a l l  s '  g  U s.
Suppose t h a t  g £ F ^  and t h a t  f  ( s ) < ^ I  Cj^g(sSj^) « I f  s ^ U s ^ ^  we have
g ( s s k )  = 0 , and t h u s  t h a t  f ( s ) ^  J H c ^ g ( s s ^ ) ,  w here  t h e  sum m ation i s  r e -
-1s t r i c t e d  t o  t h o s e  v a lu e s  o f  k  f o r  w hich s  E H s^  . B u t t h e n  by  -ss- we have  
f i ( s ) < f i ( s j ^ ^ ) + ^ / n  f o r  a l l  su c h  s  and s ^ .  Hence
k
I t  f o l lo w s  from  t h i s  t h a t
( f f j _ s g ) ^ 2 ü ‘=k i ^ ± ( s ^ ) + S / n  .
k
S in c e  ^  f ^ ^ l ,  we have
^ ^ ( f f i S g ) < ^ ^ ^ ^ ^  c^  ) + £ / n J ^ ( l + è )—   -  ___3%. *i*T ^  -  L_ -  ^
F o r  a l l  *^>0, t h e  numbers Cĵ  and e le m e n ts  s ^  can  b e  chosen  so  t h a t
j }  '  C]̂ -(f îg)|<C ^ . Thus we have
_ iL ,
T Z  ( f f i : g ) ^ ( f : g ) ( l + g ) .
i = l
D iv id in g  b o th  s i d e s  b y  (fg S g )  we have
A  ( f r i * g ) / f o = g ) < ( f = g ) / ( f o = g ) ( i * f i ) -
i = l
n
Hence 2L. IgC^ îX Ig(f)(l+0. 
i=l
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Lemma 2 . 6 : Suppose i  = 1 ,  2 ,  . . n .  Then f o r  ^ > 0 ,  and
A j>0 , 1 = 1 ,  2 ,  . . . ,  n ,  t h e r e  i s  a  n e ig h b o rh o o d  U o f  /  su c h  t h a t  f o r  
a l l  g 6 F ^  we have
i g (  i ! i V i ) ^ 2 i i h i g ( f i ) « ' i g ( i v i )  * ’]
i = l  i = l  i = l
P ro o f :  The f i r s t  i n e q u a l i t y  c l e a r l y  f o l lo w s  by  i n d u c t i o n  from  p r o p e r ­
t i e s  3) and  U) o f  lemma 2 . h» Now su p p o se  i s  t h e  c a r r i e r  o f  f ^ ,
/ " ,i  = 1 ,  2 ,  . . n ;  t h e n  7  = i s  a  c a r r i e r  f o r  each  f L e t  f ’ eL"^
b e  a  f i x e d  f u n c t i o n  w i th  p o s i t i v e  infim um  on V.
We d e f i n e  t h e  f u n c t i o n s  
, n  ,
1 )  F = Y 7 > ± f ± + S ^ f '  f o r  £ > 0 ,  and
i = l
r X . f . / F  on V
2) h^ -  /  ^
C 0 on G-7.
Then h^F * ^ f i  and ^ ^ h ^  1 .  We now a p p ly  lemma 2 .^  t o  t h e  f u n c t i o n s
i = l
hx and F .  L e t  U b e  t h e  c o r r e s p o n d in g  ne ighbo rho od  o f  /  ; t h e n  f o r  a l l  
g ^ F u t
Ç X ^ I g ( f 3 ^ ) C l g ( F ) ( l + ^ )  = I g ( Ç A x f i + ^ : ’f ’ )(l-*-<£̂ )
C | ï g ( n X i f i ) + 6 ' I g ( f ' ) ]  (1+6)
“ l g ( Z T A i f i ) +  [ 6 I g (  Ç A x f  i ) + 6 ' l g ( f  ' ) (1+.E:).
i  ^  “  i
By p r o p e r t i e s  U) and S) o f  lemma 2,1; and b y  13mma 2 .1 ,  a l l  t h e  te rra s  i n  
t h e  l a s t  e x p r e s s io n  e x i s t  f o r  Aj^>o and f i x e d  f ^ .  Now t a k i n g  S  and g* 
s u f f i c i e n t l y  s m a l l  t h e  secon d  i n e q u a l i t y  f o l l o w s .
Suppose T i s  a  com pact s u b s e t  o f  a  l o c a l l y  compact g roup  Q. L e t  
V b e  an open sym m etric  n e ig h b o rh o o d  o f  /  w i th  compact c l o s u r e .  Then
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£7x (x € T ^  i s  an  open c o v e r  o f  T. Hence t h e r e  i s  a  f i n i t e  sy s te m , Vx^^, 
Xj^£T, i  = 1 ,  2 ,  . . n ,  w hich  a l s o  c o v e rs  T. S in c e  G i s  c o m p le te ly  
r e g u l a r ,  t h e r e  a r e  c o n t in u o u s  f u n c t i o n s  h^  su ch  t h a t  h ^ (y )  -  1 f o r  
y € V ”xj^, 0 4 h ^ ( x ) ^ l ,  and t h e  c a r r i e r  o f  h^ i s  V"Y"x;j^. L e t  k  b e  a  co n ­
t in u o u s  f u n c t i o n  w i th  k ( x )  = 1 i f  x £ T  and 0 $ : k ( x ) < ' l  i f  x  g G. L e t
h '  * i ~ T h * and d e f i n e  t h e  c o n t in u o u s  f u n c t i o n  ra = rain ( k ,  h ’ )* Then 
i
m(x) = 1 f o r  X g T , and  r a ( x ) /h '  ( x ) ^  1 f o r  a l l  x £ G ,  Now d e f i n e  t h e  
f u n c t i o n s  h^ = m h ^ /h ' ,  i  = 1 ,  2 ,  . . n .  I f  h * (x )  = 0 , t h e n  m(x) = 0
and hj^(x) = 0 and we d e f i n e  h ^ (x )  = 0 .  Then h ^ ( x ) ^ 0 ,  h^ h as  c a r r i e r
V^"Xj^, hj  ̂ i s  c o n t in u o u s  and ^~Th^(x) = 1 f o r  a l l  x g  T.
i
Lemma 2 . 7 : Suppose fgL"*" and t h a t  TJ i s  a  ne igh bo rho od  o f  /  such  t h a t
j f ( s ) - f ( s ' ) | < v ^  J f o r  s g U s * .  I f  ,^ > £ 'a n d  m e F ^ ,  r a ^ o ,  th e n  t h e r e  ex ­
i s t s  a  f i n i t e  c o l l e c t i o n  o f  e le m e n ts  s^ E  G and r e a l  numbers Cj )̂> 0 
su c h  t h a t
| f ( s ) - ^ c ^ m ( s s j ^ ) j <  ( f ,
f o r  a l l  s  g  G.
P ro o f :  From o u r  h y p o th e s i s  we c l e a r l y  have ,
# [ f ( s ) - ‘<fj  m ( s s ’ “^ ) <  f ( s O m ( s s ’ “^ ) < C | f ( s ) + £ ‘J m C s s '”^ ) .
L e t  ' I  > 0  be  su c h  t h a t  ( f  s m ) ç f - . Then t h e r e  i s  an open symme­
t r i c  n e ig h b o rh o o d  V o f  / w i th  compact c l o s u r e  such  t h a t  f o r  s g  s* 7 ,
| r a ( s ) - m ( s ' ) |<  ^ • Such a  V can  b e  found  s i n c e  m i s  c o n t in u o u s .  S in c e  
f  has  a  compact c a r r i e r ,  t h e r e  i s  a  f i n i t e  s e t  o f  e le m e n ts  s^^SG such  
t h a t  t h e  Vs^  ̂ c o v e r  t h e  s e t  o f  a l l  p o i n t s  s  f o r  w hich f ( s ) ^ 0 .  By t h e  
rem arks p r e c e d in g  t h e  lemma t h e r e  a r e  f u n c t i o n s  hj^^L'*’ su ch  t h a t  h ^ ( s )  = 0
f o r  s ^ V s ^  and 2 3  “ 1 f o r  s g  / s  / f ( s ) >  o j  . Then
h j ^ ( s ' ) f ( s ’ ) £ m ( s s ^ ^ ) - h i ( s ' ) f ( s “) m ( s s '  ^h^^Cs’ ) f ( s ' ) [ m ( s s j ^ ^ ) + .
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T hus, summing w i t h  r e s p e c t  to  i ,  we have
Z J  h ^ ( s ' ) f ( 8 ' )  f m C s s i^ ) -  d < X r h . ( s » ) f ( s ’ ) m ( s s « - l )
i  i
h ^ (s ‘ ) f ( s ' )  |^m (ssj^)+
S in c e  ^  ^ h^ ( s Q  = 1 ,  we have
>  f  h ^ ( s ') f ( s * )  [ ^ « i ( s s ^ ^ ) - <  f(s »  )m (ss’ “ ^ )
JTh^- (a* ) f  ( s ’ ) [m (ss^^)+
Thus b y  #  we f i n d
[ f ( s ) - c f J r a ( 3 s * " ^ ) < f ( s » ) m ( s s ' “^ )< " ^ fC s O +  J Z  h ^ ( s ' ) m ( s s T ^ ) .
A p p ly in g  lemma 2.U t o  t h e  f u n c t i o n s  o f  s ' ,  we o b t a i n
[ f ( s ) - 6 ]  Ig (m ) <  ‘̂ I g ( f ) + I g ( Z I m ( s s J ^ ) h j ^ f ) .
Thus
. [ f ( s ) - £ j  I g ( m ) -  1 1 g ( f  ) <  I g ( & ( s s ^ " ^ ) h ^ f  ) .
By a  s i m i l a r  a rg u m e n t,  we f i n d
I g  (2Z m (8s]^^)h j^f)  <  [ f ( s )+ < $ ] lg (m )+  ^ t lg C f) .
1
Hence
[f(s)-éj Ig(m)- ^Ig(f)< I g (S  m(ss: )̂hj f̂) < [f(s)+d] Ig(m)+>̂ Ig(f)
S in c e  ( f : g ) ^ ( f : m ) ( m : g )  and (T^sg) ^  0 ,  we have
Hence I g ( f ) < ^ I g ( m ) ( f : m ) .  T h e r e f o r e  by  we have
I  ( f )
0 < j ^ ^ < ( f ; m )  ■=('»<-^K'î ^  r<T-^)/^ » where .
D iv id in g
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
33
by  Ig (m l we have i n  v iew  o f  t h e  c o r o l l a r y  t o  lemma 2 .U , t h a t
-1 ^  v)<r«.w]-iÿS.
From t h i s  and t h e  p r e c e d in g  i n e q u a l i t y  we have
^ B
^ f ( s ) + i T +  = f ( s ) + » < .
Now by  p r o p e r t y  o f  5) o f  lemma 2 .L ,  we have 
—m( s s j " )
Y T ^ ^ C ^ o - ® )  sup  m (s ) .
g '
Bl (  S S )
We a p p ly  lemma 2 .6  w i th  --— , f . = h . f  and ^ = J -  «K. Then t h e r e
Ig(m ) ^ ^
i s  a  ne ighborhood  TJ o f  /  su c h  t h a t ,  f o r  g £ F ^ ,  we have 
Thus, com bining  i n e q u a l i t i e s ,  we have
® V i  Ie (m )
f ( s ) -  (T<C f(s)- «(
V 1 - g \ - /  /  X - g '
^  ^  h ^ f j  + (<r-‘x )< f ( s )+ o < + ( t f -« ÿ  » f ( s ) +  6 ,
From t h i s  i t  f o l lo w s  t h a t :
c^m^sf
i
f ( s ) -  J~ T  ( s .^ )
where c< = ■ «  . .
^ Ig(m )
We n o t i c e  t h a t  i n  t h e  c o n c lu s io n  o f  lemma 2 .7  we cou ld  have
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m(ssj^) i n s t e a d  o f  m(asj^ ) ,  by  i n t e r c h a n g i n g  t h e  r o l e s  o f  s^̂  and sT .
We r e c a l l  t h a t  a  n e t  i s  a  g e n e r a l i z e d  se q u e n c e .  F o r  a  d i s c u s ­
s i o n  o f  n e t s  and M oore-Sm ith  c o n v e rg en c e  t h e  r e a d e r  i s  r e f e r r e d  t o  
K e l le y  ^ 6 ,  Chap. 3J  .
F o r  a  f i x e d  c o n s i d e r  t h e  s e t  B = £ l g ( f )  | g c L " ^  o f  r e a l
numbers we s h a l l  d i r e c t  B by  a ssum ing  t h a t  I  ( f )  f o l lo w s  I  , ( f )  i n
& s
c a s e  £ x |g ( x )  = p ]  2  ^ x j g ' ( x )  = o ]  . Then S = £ l g ( f ) ,  g 6 L + ,  2 ]  i s  a 
n e t .
Lemma 2 . 8 : S * ^ g ( f ) ,  géL '* ',S*J c o n v e rg e s .  T hat i s ,  t h e  l i m i t
l im  lo -( f)  o f  t h e  n e t  S e x i s t s ,  
g 6
P ro o f  : We w i l l  show t h a t  i f  J" > 0  t h e r e  i s  a n e igh bo rho od  U o f  / such
t h a t  | l j j ( f ) - I g ( f  ) | <  if f o r  a l l  h ,g  € F ^ .  T h is  c l e a r l y  im p l i e s  t h a t  3 
c o n v e rg e s .
Suppose V i s  a  n e ig h b o rh o o d  o f  /  such  t h a t
| f ( s ) - f ( s » ) | < ^  , | f ( ^ (8 ) - f^ ( s ')  < 6 ,  f o r  s E :V s ' .
L e t  q £ F ^ ,  q ^ O .  T hen , by  lemma 2 .7  t h e r e  i s  a  f i n i t e  sy s tem  o f  r e a l  
numbers c ^ >  0 and e le m e n ts  Sj^^G su c h  t h a t
f ( s ) -  c^q( s s^ )  
i
<2<T,
where t h e  Cĵ  and s ^  a r e  c h o sen  a s  i n  lemma 2 .7 .  We d e f i n e  t h e  f u n c t i o n
r ( s )  = j f ( s ) - J ^ c ^ q ( s s ^ )
L e t  A b e  t h e  c l o s u r e  o f  t h e  s e t  £ x  | f ( x ) >  oj. Then and
th u s  s ^ € V “A. I t  f o l lo w s  from  t h i s  t h a t  V“A " V " U A  i s  a  c a r r i e r  o f  r  
in d e p e n d e n t  o f  6 .  Then a s  i n  t h e  p r o o f  o f  lemma 2 .1  and a p p ly in g  lemma
2 . k  we f i n d  t h a t  I g ( r ) <  2 g /m k  w here  m i s  t h e  infim um  o f  f ^ f s )  on a 
f i x e d  n e ig h b o rh o o d  and k i s  in d e p e n d e n t  o f  ^  .
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From t h e  i n e q u a l i t i e s :
q ( s s ^ ) + r ( s )  and 
Ç J  CjLq(sSj,)^ f ( s ) + r ( s )  
and t h e  above rem ark s  i t  f o l lo w s  t h a t
#  I g ( f ) - 2 d : / m k < I g  ( Ç ^ c ^ q ( s s ^ ) j < I g ( f ) + 2 < Ç / m k .
^  lemmas 2 .5  and 2 . 6 ,  t h e r e  a r e  f u n c t i o n s  h . € ‘L*'‘ w i th  h . ^  1 and
i
a  ne igh bo rho od  Ü o f  /  su ch  t h a t  f o r  g g  F ^ ;  '  I ^ ( f h ^ ) ^ I ^ ( f ) ' ( l + , ^ )  and
C i q ( s 3 i j ) ^ C  C i l g ( q ( s s i ))
Ç  Cilg(q)^lg Ciq(s8i)^ + e /xa .
Combining t h i s  i n e q u a l i t y  w i th  #  we have
I g ( f ) - 2  <5/m k<j23 C j.Ig (q )< Ig (f)+ 2 £ r /m k + ^ /m .
We s e t  = 2<^mk+i5/m| th e n  t h e  i n e q u a l i t y  becomes
* I g ( f ) - ^ » < I g ( q ) 5 ^ c ^ <  I g ( f ) +
A s i m i l a r  i n e q u a l i t y  h o ld s  f o r  t h e  f u n c t i o n  f ^ ,  where t h e  f u n c ­
t i o n  q and t h e  n e ig h b o rh o o d  U may b e  t a k e n  t o  b e  th e  same a s  f o r  f . 
T h at  i s ,  t h e r e  a r e  C j > 0  su c h  t h a t
i
S in c e  Ig C r^ )  = 1 ,  we have
i ~ e ’ < i ^ ( q ) < I 7 c ! < i +  g ' .
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N ote  t h a t  c! >  0 .  From *  and t h e  l a s t  i n e q u a l i t y .
Hence
Hence
I g ( q ) < —= --------------  a n d  — ^ < I g ( q ) .
2 ^ = 1  ^ = 1
,  - ,  i g ( f ) + z ; '  r c i
i  i  1
I n  a  s i m i l a r  way we f i n d
l g C f ) <
2-1
t h u s
Z I ° if o r  a l l  g F ^ .  We d e n o te  — ■ - ■ by  D. Then f o r  g , g ' ^ F ^ ,  we have
D ( l - 6 '  ) -& ' <  I g ( f )  <  D(l+&' ) + &' and D ( l - 6 ' ) - ^ < I g ,  ( f ) < D ( l + c ' ) + s : .
From t h e s e  i n e q u a l i t i e s  i t  f o l l o w s  t h a t
D ( l - 6 ' ) - g ' - D ( 1 + £ «  )+ £»< I  ( f  ) - I  ( f  X  D ( l + 5 0 + ^ W l - S '  ) - £ ’ .o &
Thus we have
| l g ( f ) - I g , ( f ) ( <  D ( 1 + ^ ') - D ( 1 - ^ ' )  « D2£» » D2^(2+k/m ).
S i n c e w a s  a r b i t r a r y  t h e  lemma i s  p ro v e d .
We d e f i n e  l ( f )  » l i r a  I  ( f ) .
g g
Lemma 2 .9 :  I f  f , g £ L ‘*', th e n
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1 )  I ( f ) > 0 j
2) 1 ( f )  = 0 i f  f  = 0 ;
3) l ( S f )  = 1 ( f ) Î
U) l ( c f )  » c l ( f )  f o r  c > 0 ,  r e a l ;  and
^)  l ( f + g )  = 1 ( f )  + l ( g ) .  I n  p a r t i c u l a r
6) I ( f o )  = 1 .
P ro o fs  The p r o o f  f o l lo w s  im m e d ia te ly  from  lemmas 2 .h  and 2 .8  and p ro p ­
e r t i e s  o f  c o n v e rg e n t  n e t s .
L e t  l ( f - g )  * l ( f ) - l ( g )  f o r  a l l  f ,g £ L * ^ ;  th e n  l ( f )  i s  a  r i g h t  
v a r i a n t  i n t e g r a l  on G.
Lemma 2 .1 0 s Suppose I ' ( f )  i s  any  r i g h t  i n v a r i a n t  i n t e g r a l  on G. Then
I ' ( f )  « c l ( f )  w here  c i s  a  c o n s t a n t .
P ro o fs  L e t  I ' ( f )  b e  a  r i g h t  i n v a r i a n t  i n t e g r a l  on G. I f  f  ( s ) ^ T% a^ g ( s s .  ) ,
i
where f , g 6 L * ,  th e n  I '  ( f ) ^ I ' ( g ) 2 Z I a ^  and t h u s  I * ( f ) ^ 1 » ( g ) ( f  : g ) .
i  ^
Now su p p o se  f ^ Ê  L"*" and l e t  A b e  c lo s u r e  o f  t h e  s e t  £ s | f ^ ( s ) > o J .
L e t  f  b e  any f u n c t i o n  i n  L* s u c h  t h a t  f ' ( s )  = 1 f o r  s  a member o f  a 
compact s e t  o f  t h e  fo rm  7"A""^7""UA and f ^ ( s ) + 2 j :  f  * ( s )<  J T  a ^ g C ss^ ) .
I t  f o l lo w s  a s  i n  t h e  p r o o f  o f  lemma 2 .8  t h a t  f  can be  chosen  in d e p e n ­
d e n t  o f  £ .  I n t e g r a t i n g  w i th  r e s p e c t  t o  s  we f i n d  t h a t
I * ( f l ) + 2 ^ : i ' ( f ' ) > ^  a ^ I ' ( g ) > I ' ( g ) ( f ^ s g ) .
Thus
I ' ( f % )  I ' ( f ' )  I ' ( g ) ,   ̂ ( fn Z g )  I g ( f l ) .
i ' ( f ' )  * 2 z : i ' ( f )  ^ i ' ( f ) ( ^ i " ^ ^ ^  ( f s g )  ” i g ( f )
Now p a s s i n g  t o  t h e  l i m i t  w i th  r e s p e c t  t o  geF^^ , we have
l ' ( f ^ )  ^ ^ l ' ( f ' )  ^ I ( f ^ )
I ' ( f  ) ■*■^^1'“( f )  ^  1 ( f )
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S i n c e ^  i s  a r b i t r a i y  we have
I ( f ^ )  
I ' ( f )  ■
I n t e r c h a n g i n g  t h e  r o l e s  o f  f  and f ^ ,  i t  f o l lo w s  t h a t  
I ^ ( f ^ )  I ( f ^ )
I » ( f )  ^ T T f T  '
Hence
i R f T  ■ ï l r T '
I ' ( f l )
f o r  a l l  f ^ L '* ' .  Thus t h e  lemma i s  p ro v ed  w i th  C = —7— — .
I ( f l )
L e t  G b e  any t o p o l o g i c a l  g roup  w i th  o p e r a t io n  a * b . We d e f i n e  a
new group  G* w i th  t h e  same e le m e n ts  and same to p o lo g y  a s  G, b u t  w i th  a
new o p e r a t i o n  d e f i n e d  by  a  0  b  « b * a .  G* h a s  t h e  same t o p o l o g i c a l  
p r o p e r t i e s  a s  b e f o r e .  I f  G* h as  a  r i g h t  i n v a r i a n t  i n t e g r a l  i t  f o l lo w s  
t h a t  G has a  l e f t  i n v a r i a n t  i n t e g r a l .  Thus t h e  e x i s t e n c e  o f  a  l e f t  
i n v a r i a n t  i n t e g r a l  f o l l o w s  from  t h e  e x i s t e n c e  o f  a r i g h t  i n v a r i a n t  i n ­
t e g r a l .  We sum m arize t h e s e  rem a rk s  and t h e  p r e c e d in g  lemmas i n  t h e  
f o l lo w in g  th e o re m .
Theorem 2 .1 :  On e v e ry  l o c a l l y  compact g roup  G t h e r e  i x i s t s  a  r i g h t  i n ­
v a r i a n t  i n t e g r a l  I ^  and a  l e f t  i n v a r i a n t  i n t e g r a l  I ^ .  I f  G i s  A b e l ia n  
1% and I p  c o i n c i d e .
L e t  I  b e  a  l e f t  i n v a r i a n t  i n t e g r a l  on a  l o c a l l y  compact g roup G, 
and l e t  I ' ( f )  = l ( T f ) .  Then I* i s  a  l e f t  i n v a r i a n t  i n t e g r a l  s i n c e  
I ' ( f )  -  I ( T f )  -  l ( f ( x t ) )  « I ( f ( s x t ) )  « I ' ( f ( s x ) ) .  I t  f o l lo w s  from  t h e  
u n iq u e n e s s  o f  I  t h a t  f o r  t € G  t h e r e  i s  a  f u n c t i o n  P ( t )  su c h  t h a t  
I ( T f )  « P ( t ) l ( f ) .  ( R e c a l l  t h a t  we d e f in e d  l ( T f )  l ( f ( x t ) ) . )
I f  G i s  com pact t h e  f u n c t i o n  J  w hich  i s  i d e n t i c a l l y  1 on G i s  i n
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L"*", s i n c e  i t  i s  c o n t in u o u s  on G w i th  c a r r i e r  G. I n  t h i s  c a s e  we choose  
t h e  f i x e d  f u n c t i o n  f ^  t o  h e  J . I f  I  i s  t h e  l e f t  i n v a r i a n t  i n t e g r a l  
c o n s t r u c t e d  w i th  t h i s  f u n c t i o n ,  t h e n
l ( T f o )  = P ( t ) l ( f o )  = P ( t ) l  = P ( t ) .
B ut s i n c e  f ^  i s  d e f in e d  on a l l  G we have
l ( T f o ) 5 l ( f o ( x t ) )  = l ( f o ( x ' ) )  = I ( f ^ )  = 1.
I t  f o l l o w s  t h a t  P ( t ) =  1 .  Hence
l ( T f )  = P ( t ) l ( f )  = 1 ( f )  
so  t h a t  I  i s  a l s o  r i g h t  i n v a r i a n t .
I f  f ( x )^ f^ ^ C x )  f o r  a l l  X ,  t h e n  l ( f ) ^ l ( f * ) . F o r  i f  f * ( x ) - f ( x ) ^ 0 ,  
th e n  0 < l ( f ^ - f )  » I ( f * ) - I ( f ) .  Hence I ( f * ) ^ l ( f ) .  S in c e  -  | f ( x ) |  <  f ( x ) <  
| f ( x ) |  , i t  f o l lo w s  t h a t  | l ( f ) |  < l ( | f  I ) .
L e t G be a lo c a l ly  compact group and be the  s e t o f  a l l  re a l -  
valued continuous fu n c tio n s  f ( x , y )  de fined  on GXG, w ith  compact c a r r ie rs .  
By th is  we mean th a t  i f  f ( x , y ) £ L ^ ,  th e re  are  compact subsets A,B g.G 
such  th a t  f ( x , y )  ® 0 when x ^ A  o r  y ^  B and f ( x , y )  i s  continuous on GXG. 
The compact se t AXB i s  sa id  to  be a c a r r ie r  o f  f ( x , y ) .  ¥e denote the  
r ig h t  in v a r ia n t  in te g r a l  on G by J g (x )d x . L e t f ( x , y ) ^ L ^  w ith  c a r r ie r  
AX B. Then, s in ce  J f ( x ,y ) d x  i s  a continuous re a l-v a lu e d  fu n c tio n  o f  y  
w ith  c a r r ie r  B, th e  i te r a te d  in te g r a l ' J [ J f ( x ,y )d x j dy e x is ts .  I t  i s  
p r a c t ic a l ly  obvious th a t  th e  i te ra te d  in te g ra l i s  a lso  r ig h t  In v a r ia n t ;  
in  fa c t ,  j ^ [ j f ( x , y ) d x j  dy = J Q f( x s ,y )d x J  dy = J [ j f ( x s , y t ) d x  ] dy.
S in ce  GXG i s  l o c a l l y  com p ac t,  i t  f o l lo w s  t h a t  i t  has  a  r i g h t  i n v a r -  
a n t  i n t e g r a l .  We s h a l l  d e n o te  t h e  r i g h t  i n v a r i a n t  i n t e g r a l  on GXG by 
/ / f ( x , y ) d x d y .  I t  i s  c l e a r  t h a t  f o r  sym m etric  f u n c t i o n s ,  i . e . ,  f u n c t i o n s  
k ( x ,y )  su ch  t h a t  k ( x , y )  -  k ( y ,x )  f o r  a l l  x  and y ,  t h a t
J l J k ( x , y ) d x J  d y  = f j j k ( y , x ) d y j  dx » J J k (x ,y )d x d y .
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S in c e  a l l  t h e  i n t e g r a l s  i n  t h e  l a s t  e q u a t io n  a r e ,  by theo rem  
2 . 1 ,  u n iq u e ,  and s i n c e  t h e  two i n t e g r a l s  ( t h e  d o u b le  i n t e g r a l  and t h e  
i t e r a t e d  i n t e g r a l )  g iv e  t h e  same v a lu e  f o r  a  n o n - t r i v i a l  f u n c t i o n ,  i t  
f o l lo w s  t h a t  t h e  two i n t e g r a l s  a r e  t h e  same.
Exam ples:
1 .  The a d d i t i v e  g roup  o f  r e a l  numbers ( u s u a l  to p o lo g y )  has  an 
i n v a r i a n t  i n t e g r a l  g iv e n  by  t h e  o r d i n a i y  L ebesque  i n t e g r a l ,  J f (x )d J c .
AOe
The i n t e g r a l  i s  i n v a r i a n t ,  s i n c e  J f ( x + a ) d x  = J f ( x ) d x  « J f ( a + x ) d x .
2 .  The m u l t i p l i c a t i v e  g roup  o f  n o n -z e ro  r e a l s  ( u s u a l  to p o lo g y )  
h as  an  i n v a r i a n t  i n t e g r a l  g iv e n
3 .  As o u r  n e x t  exam ple we c o n s i d e r  GŒ.(2). F o r  a  d e f i n i t i o n  o f  
QL(2) t h e  r e a d e r  i s  r e f e r r e d  t o  page  4 6  o f  t h i s  t h e s i s .  A f u n c t i o n  on 
(3.(2) may b e  c o n s id e r e d  a s  a  f u n c t i o n  o f  f o u r  r e a l  v a r i a b l e .  T hat i s ,  
i f  g ( ( x  y ) )  i s  a  f u n c t i o n  on (3.(2) we can  w r i t e  g ( ( x  y ) )  a s  f ( u , v , x , y ) .  
TCLth t h i s  c o n v e n t io n ,  we can  w r i t e  t h e  i n v a r i a n t  i n t e g r a l  on G l ( 2 ) ,  a s
du dv dy d x .
u  V K 
X y  I
T h is  i n t e g r a l  t u r n s  o u t  t o  b e  b o th  l e f t  and r i g h t  i n v a r i a n t ,  s i n c e  t h e
I 2
J a c o b ia n  o f  t h e  t r a n s f o r m a t i o n s  i n  b o t h  c a s e s  i s  ^  y  • n o t e ,  how­
e v e r ,  t h a t  (3.(2) i s  n e i t h e r  com pact n o r  com m uta tive .
i | .  The su b g ro u p  GL(2) composed o f  a l l  m a t r i c e s  o f  t h e  form 
(o  ^ )  h a s ,  u s i n g  t h e  same c o n v e n t io n  a s  a b o v e ,  a  l e f t  i n v a r i a n t  i n t e ­
g r a l  g iv en  b y :  J  J  f ( x , y ) d x d y .  The r i g h t  i n v a r i a n t  i n t e g r a l ,  how ever,
dxdy.
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L e t  G b e  a  l o c a l l y  com pact g roup  and l e t  J f ( x ) d x  b e  t h e  r i g h t  
i n v a r i a n t  i n t e g r a l  on G. We c o n t in u e  t o  u s e  L (L^) t o  d e n o te  t h e  c o l ­
l e c t i o n  o f  a l l  c o n t in u o u s  r e a l - v a l u e d  f u n c t i o n s  on G(G><G) which have  
com pact c a r r i e r s .  I f  f € L  and k € L ^ ,  t h e n  t h e  f u n c t i o n  g (x )  = J k ( x , 5̂ ( y ) d y  
i s  c a l l e d  t h e  k -  t r a n s f o r m a t i o n  o f  f .  g i s  r e a l - v a l u e d ,  c o n t in u o u s  and 
h a s  com pact c a r r i e r .  T hus, g € L .
Now su p p o se  g c L  and  k € L ^  a r e  g iv e n  f u n c t i o n s .  Then t h e  e q u a t io n  
g (x )  = > \ J k ( x ,y )  f (y )c fy  i s  c a l l e d  an i n t e g r a l  e q u a t io n  o f  t h e  f i r s t  k in d .
We a r e  r e q u i r e d  t o  f i n d  a  f u n c t i o n  f ( y )  which s a t i s f i e s  th e  e q u a t io n  
i d e n t i c a l l y .  The f u n c t i o n  k ( x ,y )  i s  c a l l e d  t h e  k e r n e l  o f  t h e  e q u a t io n .
A f u n c t i o n  f  s a t i s f y i n g  t h e  e q u a t io n  f ( x )  = X J  k ( x ,y ) f ( y ) d y  i s  
c a l l e d  an  e ig e n f u n c t i o n  o f  t h e  g iv e n  k e r n e l  k ( x ,y )  and t h e  e ig e n v a lu e  
. The e q u a t io n  f ( x )  = A j 'k ( x , y ) f ( y ) d y  i s  c a l l e d  a  homogenous i n t e g r a l  
e q u a t io n  o f  t h e  f i r s t  k in d .  We a r e  g e n e r a l l y  r e q u i r e d  t o  d e te rm in e  
t h e s e  v a lu e s  o f  X f o r  w hich  e ig e n f u n c t i o n s  e x i s t .  I t  i s  t r u e ,  b u t  w i l l  
n o t  be  p ro v ed  h e r e ,  t h a t  f o r  ^ rm m etr ic  k e r n e l s  such  e ig e n v a lu e s  a lw ays 
e x i s t  ( t h e  r e a d e r  i s  r e f e r r e d  t o  [ 8 ,  Chap. f o r  p r o o f .  The te rm  k e r ­
n e l  i s  u se d  f o r  two d i f f e r e n t  c o n c e p t s ,  t h e  k e r n e l  o f  a  homomorphism 
and t h e  p r e c e d in g  c o n c e p t .  No c o n fu s io n  sh o u ld  r e s u l t  from  t h i s ,  how­
e v e r ,  a s  t h e  c o n te x t  w i l l  make c l e a r  which c o n c e p t  i s  b e in g  r e f e r r e d  t o .
D e f in it io n  2 .5 î Two fu n c t io n s  f ,  g € L  are  sa id  to  be orth ogon a l in  ca se  
J 'f (x )g (x )d x  ® 0 A fu n c t io n  f  i s  normal in  c a se  J ( f (x ) )^ d x  « 1 .  A 
fu n c tio n  g i s  s a id  to  be a l in e a r  com bination  o f  th e  fu n c t io n s  f ± ,
n
i  = 1 ,  2 ,  . . . ,  n ,  i n  c a se  g = %a j f ^ ,  where â ,̂ i  =* 1 ,  2 ,  . . n ,
1=1
a r e  r e a l  c o n s t a n t s .
A f a m i ly  MÇL o f  f u n c t i o n s  i s  s a i d  t o  have  a  b a s e  N i n  c a s e  e v e ry
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f u n c t i o n  i n  M can  b e  -w r i t te n  u n iq u e ly  a s  a l i n e a r  c o m b in a t io n  o f  f u n c ­
t i o n s  i n  N. A s e t  k^, i  « 1 ,  2 ,  . . . k o f  f u n c t i o n s  i s  s a id  t o  b e
k
l i n e a r l y  in d e p e n d e n t  i n  c a s e  a^h^ = 0 i m p l i e s  a^  = O, i  = 1 ,  2 ,  . .
i = l
k ,  w here  e a c h  â  ̂ i s  a  r e a l  number. An i n f i n i t e  s e t  f a ,  a ^ A ,  o f  
f u n c t i o n s  i s  s a i d  t o  b e  l i n e a r l y  in d e p e n d e n t  i n  c a s e  e v e ry  f i n i t e  su b ­
s e t  i s  l i n e a r l y  in d e p e n d e n t .
A b a s e  f o r  a  s e t  o f  f u n c t i o n s  i s  l i n e a r l y  in d e p e n d e n t  and con­
v e r s e l y  a  maximal s e t  o f  l i n e a r l y  in d e p e n d e n t  f u n c t i o n s  i s  a  b a s e .
Any s e t  o f  l i n e a r l y  in d e p e n d e n t  f u n c t i o n s  can  b e  o r th o g o n a l iz e d  by 
t h e  s t a n d a r d  Gram-Schmidt p r o c e s s .  I n  p a r t i c u l a r ,  a  b a s e  can b e  o r ­
t h o g o n a l i z e d .
Suppose f , g ^ L ,  j f ( x ) g ( x ) d x  = 0 ,  J ( f ( x ) ) ^ d x  = b ^ 1 ,  and 
J ' ( g ( x ) ) ^ d x  = c ^ 1 .  We s e t  f ^  = f/Tb* and g^ -  g / / c ’j th e n  f ^  and g^ 
a r e  norm al and o r t h o g o n a l .  F o r
j l f ^ ( x ) ) ^ d x  = 1  J ( f ( x ) ) ^ d x  = 1 ,
b
s i m i l a r l y  f o r  g * .  F u r th e rm o re
J 'g i ( x ) f ^ ( x )d x  = i/J b c 'j^ g (x )f  (x )d x  = 0 .
From t h i s  i t  i s  e a sy  t o  s e e  t h a t  a  f a m i ly  o f  o r th o g o n a l  f u n c t i o n s  can 
be  n o rm a liz e d  w i th o u t  c h a n g in g  t h e  number o f  f u n c t i o n s .
F o r  t h e  r e s t  o f  t h i s  c h a p t e r  we r e s t r i c t  o u r  a t t e n t i o n  t o  cora- 
pace  g ro u p s  and e q u a t io n s  w i th  sym m etric  k e r n e l s  and c o n s id e r  t h e  
e q u a t io n  f ( x )  = A j ^ k ( x ,y ) f ( y ) d y .
Theorem 2 .6 ; L e t be an e ig e n v a lu e  o f  th e  eq u ation  
f ( x )  = > \J k ( x ,y ) f ( y ) d y  and l e t  P th e  system  o f  a l l  e ig e n fu n c t io n s  co r ­
responding to  . Then P  i s  a f in i t e - d im e n s io n a l  v e c to r  sp ace  over
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r e a l s .
P ro o f :  S in c e  L i s  an  A b e lia n  g ro u p , i t  s u f f i c e s  to  show t h a t  i f  g , f € P
th e n  a f  + b g 6 P , w here a  and b  a r e  r e a l  num bers, and t h a t  P c o n ta in s  a 
f i n i t e  o r th o g o n a l  b a s i s .
Suppose f ( x )  = A 'jk ( x ,y ) f ( y ) d y ,  and
g (x )  = >\’J k ( x ,y ) g ( y ) d y .
Then a f ( x )  + b g (x )  = a X  j k ( x ,y ) f ( y ) d y  + b >*j k ( x ,y ) g ( y ) d y
“ X’J k ( x ,y )  [ a f ( y )  + b g (y ) ]  dy.
Hence a f  + b g  6  P .
L e t  fj[ L , i  =* 1 ,  2 , . . . b e  a  f a m ily  F o f  l i n e a r l y  in d e p e n d e n t 
f u n c t io n s  i n  P. By th e  rem ark s p re c e d in g  t h i s  th eo rem  we can  assum e 
t h a t  th e  sy s tem  i s  no rm al and o r th o g o n a l .  L e t
h ( x ,y )  = j y i l / V f j  (x)f-î (y),
w here f ^ ,  f ^ ,  . . . ,  f ^  i s  a  f i n i t e  su b fa m ily  o f  F . C o n s id e r
J " J (k (x ,y )  -  h ( x ,y ÿ d y d x  = d.
C le a r ly  d > 0  and k ( x ,y )  -  h ( x ,y )  = k ( y ,x )  -  h ( y , x ) . Now 
d = J j" (k (x ,y ) -h (x ,y ) )^ d y d x
-  J J ( k ( x ,y ) ) ^ d y d x  -  2 J J k (x ,y )h (x ,y )d y d x -1 - j j (h (x ,y ) )^ d y d x
« J J ( k ( x , y ) ) ^ d y d x - 2 j ' j j ^ l A ’k (x ,y ) f j^ (y )f^ (x )d y J d x
+ y > ^fj^ (x )fj^ (y ))^d y jd x
« J j ( k ( x , y ) ) ^ d y d x - 2  J ,^ ]^ » f j^ (x ) f^ (x )d x  + J ^ : ^ » f i ( x ) f i ( x ) d x
= r f (k (x ,y ) )^ c ty -d x  -  ^ ^ ^ ’ ( f ^ ( x ) ) ^ d x .  
u J J
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Thus
J SfZ (%(x))̂ dx = Jf(k(x,y)) d̂ydx->!d.
i=X
S in c e  ( f i ( x ) ) ^ d x  = n :ÿ,0 and X  jJC k (x ,y )  )^dy-dx = M, w here M i s  some
r e a l  num ber, i t  f o l lo w s  >î > 0 .  Thus n < M , f o r  e v e ry  f i n i t e  s u b s e t  o f  
F , and th e  a s s e r t i o n  f o l lo w s .
Theorem 2 .7 : The s o l u t io n s  o f  a  homogenous i n t e g r a l  e q u a t io n  o f  th e
second  k in d  f o r  d i f f e r e n t  e ig e n v a lu e s  a r e  o r th o g o n a l .
P ro o f: Suppose
f n ( x )  = and
fm (x ) = ">^m fk(x,y)fm (y)dy
and su p p o se  Ajj. Then
* ^n ^m J ^ C x ,y )fm (y )d y  and
\ i f m ( ^ ) f n ( ^ )  » ‘̂m(x) J  k ( x ,y ) f ^ ( y ) d y .
S u b t r a c t in g ,  we o b ta in
( ^ n - ^ m ) f n (x ) f n i (x )  -  ^ n ^ m  j^ j" fn W k (x ,y ) f^ (y )d y -  j'fj^(x)k(x,y)fjj(y)d3^ . 
I n t e g r a t i n g  b o th  s i d e s  o f  t h e  e q u a t io n  w ith  r e s p e c t  t o  x  we o b ta in  
(^n-^m ) J f j j ( x ) f in ( x ) d x  = Xn>^ni[j"jk(x^y)^‘n^^^^m O )< 3ydx-Jjk (x ,y)fn(y)fin (x)dyd3^
m a reS in c e ^ n -X \m ^ 60 , we h a v e ^ f j j ( x ) f m ( x ) d x  « 0 . T h a t i s ,  f ^  and f  
o r th o g o n a l .
We s h a l l  q u o te  t h e  f o l lo w in g  th eo rem  o f  t h e  H ilb e r t-S c h m id t 
th e o ry  o f  i n t e g r a l  e q u a t io n s .  The p ro o f  i s  q u i t e  lo n g  and f a i r l y
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d e l i c a t e ,  and f o r  t h e s e  r e a s o n s  w i l l  b e  o m it te d .  The r e a d e r  i s  r e f e r ­
re d  t o  [ 8 , C hap. 5jf .
Theorem 2 .8 ; Suppose k ( x ,y )  = k ( y ,x )  and g (x )  « J k ( x ,y ) f ( y ) d y .  Then 
g (x )  can  b e  e x p re s s e d  a s  a  u n ifo rm ly  c o n v e rg e n t s e r i e s  o f  th e  e ig e n ­
f u n c t io n s  o f  th e  c o rre s p o n d in g  hom ogeneous e q u a t io n  f ( x )  = k (x ,y ) f (y )c fy ,
Theorem 2 .9 : Suppose t h a t  th e  k e r n e l  o f  a  homogeneous i n t e g r a l  e q u a t io n
o f  th e  second  k in d  h a s  th e  fo rm  k ( x “V )  and t h a t  k ( x “^ )  = k ( y “^ ) .
Then th e  e ig e n f u n c t io n s  f o r  each  e ig e n v a lu e  a r e  perm uted  by th e  
e le m e n ts  o f  G,
P ro o f; Suppose f ( x )  = A J ^ k (x “^ ) f ( y ) d y  and l e t  a e  G. Then
f ( a x )  a A J  k( ( a x ) ”V ) ^ ’(y)f3y = A J k ( x ”^a“V ) f  (y )  = k ( x " \ i ) f  (a u )d u . 
Thus f (ax) i s  an  e ig e n f u n c t io n  o f  A .
C le a r ly  G a c t s  a s  a  t r a n s f o r m a t io n  g roup  on th e  sp a c e  o f  e ig e n ­
f u n c t io n s  i n  th e  above th e o re m .
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CHAPTER H I  
THE PETER-WETL THEOREM
I n  t h i s  c h a p te r  we s h a l l  i n v e s t i g a t e  th e  e x p o n e n t ia l  m apping on 
th e  s e t  o f  n  by  n m a t r ic e s  i n  some d e t a i l .  %h.th t h i s  background  we 
s t a t e  and p ro v e  th e  P e te r-W e y l th eo re m . The p ro o f  g iv en  h e re  does n o t 
make u s e  o f  t h e  t h e o r y  o f  c h a r a c t e r s .
C o n s id e r  th e  s e t  X o f  a l l  n  by  n m a t r ic e s  w ith  r e a l  c o e f f i c i e n t s .  
We d e n o te  e le m e n ts  o f  X by  ( a ^ j ) ,  w here a ^ j  i s  t h e  r e a l  number i n  th e  
i ^ ^  row and colum n o r ,  when i t  i s  more c o n v e n ie n t ,  by c a p i t a l  L a t in  
l e t t e r s ,  e .g .  ( a ^ j )  = A. We d e f in e  th e  map f  o f  X o n to  E u c lid e a n  
n ^ -sp a c e  by  s e t t i n g  b g , ,  b ^g ) w here a^̂  ̂ = b i+ ( j_ ^ ) n
T h at i s ,  we a s s o c i a t e  each  ( a ^ j ) ^ X  w ith  th e  p o in t  (b ^ , b g , • • • b^g) 
i n  E u c lid e a n  n^  s p a c e .  C le a r ly  f  i s  one to  o n e . We d e f in e  a  t o p o l o ^  
f o r  X by  r e q u i r i n g  t h a t  £ b e  a  homeomorphism. We w i l l  c a l l  t h i s  th e  
u s u a l  to p o lo g y  f o r  X.
The s e t  X o f  n  by  n m a t r ic e s  w i th  c o o rd in a te - w is e  a d d i t io n  form s 
a  g ro u p . VBLth th e  above to p o lo g y  t h i s  g roup  becom es a  to p o lo g ic a l  
group w hich  we w i l l  d e n o te  by  M (n ).
We r e c a l l  t h a t  t h e  s e t  o f  a l l  n o n - s in g u la r  n b y  n m a tr ic e s  form  
a  group u n d e r  m a t r ix  m u l t i p l i c a t i o n .  M .th  th e  r e l a t i v e  u s u a l  to p o lo g y  
th e  g roup  o f  n o n - s in g u la r  m a t r ic e s  fo rm s a  to p o lo g ic a l  g ro u p , w hich i s  
d en o ted  by  (2 ,(n ) . To e s t a b l i s h  th e  c o n t in u i ty  o f  th e  g roup o p e ra t io n  
o f  d . ( n ) ,  l e t  ( a ^ j ) , ( b ^ j ) € [ G L ( n ) .  Suppose t h a t  ( a ^ j ) ( b i j )  = ( c ^ j ) ;  
th e n  t h e  c o e f f i c i e n t s  a r e  p o ly n o m ia ls  ® ik^kj
U6
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
hi
c o e f f i c i e n t s  a ^ j  and b ^ j .  S in c e  p o ly n o m ia ls  a r e  c o n tin u o u s  f u n c t io n s  
i n  t h e  u s u a l  to p o lo g y  f o r  th e  r e a l s ,  m a tr ix  m u l t i p l i c a t i o n  i s  c o n t in ­
u o u s  r e l a t i v e  to  th e  u s u a l  to p o lo g y  f o r  G L (n).
L e t  ( a j^ j ) g  % b e  an n by  n m a t r ix .  The d e te rm in a n t  o f  ( a ^ j ) ,  
w hich  we d e n o te  by  (a ^ ^ )  , i s  a  p o ly n o ra in a l i n  t h e  c o e f f i c i e n t s  o f
I X J
( a i j )  and th u s  i s  a  c o n tin u o u s  r e a l - v a lu e d  f u n c t io n .  GL(n) c o n s id e re d  
a s  a  s u b s e t  o f  X i s  o p en , f o r  C3L,(n) i s  th e  in v e r s e  im age o f  th e  open 
s u b s e t  £ x f x ^ o J  o f  th e  r e a l s  u n d e r  th e  d e te rm in a n t  m apping.
We d e f in e  and s e t  = (cT ij) f o r  a l l  A é M (n ) .
The m a tr ix  i s  th e  i d e n t i t y  o f  QL(n) and w i l l  b e  f r e q u e n t ly  d e ­
n o te d  by  I .
Theorem 3 .1 :  The s e r i e s  o f  m a tr ic e s
k=
c o n s id e re d  a s  a  pow er s e r i e s  i n  a  v a r i a b l e  A, c o n v e rg es  u n ifo rm ly  f o r  
A i n  any bounded s u b s e t  o f  M (n ), i . e . ,  when th e  a b s o lu te  v a lu e s  o f  th e  
c o e f f i c i e n t s  o f  A a r e  bounded .
P ro o f :  Suppose m i s  an  u p p e r  bound  f o r  th e  a b s o lu te  v a lu e s  a ^ j  o f  th e
c o e f f i c i e n t s  o f  (a ^ ^ j) . We d e n o te  t h e  c o e f f i c i e n t s  o f  th e  m a tr ix  AP by 
a ^ j . We show t h a t  a^^jP ^  (nra)P , T h is  i s  c l e a r l y  t r u e  f o r  p » 0 and 





m Z Z ^ i k  < “ Z I | 4 k  < m ^ ^ ( n m )
k * l  k* l'
« mn(nm)^ -  ( n m ) ^ ^ .
k = l
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Hence e a c h  o f  t h e  vl s e r i e s  S  ̂ *^3 c o n v e rg e s  and co n v erg es  u n ifo rm ly
^  k î
on th e  s e t  o f  a l l  m a t r ic e s  whose c o e f f i c i e n t s  have  a b s o lu te  v a lu e  l e s s
kth a n  o r  e q u a l  t o  M. I t  f o l lo w s  t h a t  y  '  k  / k l  c o n v e rg es  u n ifo rm ly  when
c=o
A i s  i n  a  bounded s u b s e t  o f  M (n ).
The sum o f  th e  s e r i e s  A ^/k  I i s  d e n o te d  by e ^ . We n o te  t h a t  
A k=o
e i s  a  c o n tin u o u s  map o f  M(n) i n to  i t s e l f .  We w i l l  show t h a t  e maps 
M(n) o n to  G L (n). e^  i s  n o t ,  how ever, a  homomorphism s in c e  M(n) i s  Abe­
l i a n  w h ile  GL(n) i s  n o t .  By a  bounded n e ig h b o rh o o d  Z o f  th e  z e ro  m a t r ix ,  
we mean t h a t  f o r  A ^ Z  th e  maximum o f  th e  a b s o lu te  v a lu e s  o f  th e  c o e f f i -
O  A
c i e n t s  o f  A i s  bounded . Then i f  A ^ Z ,  each  o f  n c o o rd in a te s  o f  e i s
an a n a l y t i c  f u n c t io n  o f  th e  c o o r d in a te s  o f  A,
Theorem 3 . 2 : I f  A i s  a  n o n - s in g u la r  m a tr ix  and B € M (n ) , th e n
.  A e® A -\
P ro o f :  (ABA“^ ) ^  = (ABA"^ABA“^ . . . ABA"^) = AB^a “^ .  Hence
^ B A -"  .  A ( f r  B V k O A -"  .  A e® A -\
k=o k=o k=o
Theorem 3 . 3 : I f  A ,B ê M (n ) and A and B commute th e n  e^e® = e '̂*’®.
P ro o f :  S in c e  A and B commute we have
(A .B )V k !  - A  Î 1  (ï)A '-B’' - 7 k !
K=o K=o r *0
** A^ B ^ -r
A B
= L I  A ^ /k ! s V k î  = e e 
k=0 k=0
C o r o l la r y : I f  A £ M (n ) th e n  e^ 6  Œ .(n) .
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P ro o f :  I f  A i s  th e  z e ro  m a t r ix  th e n  i . e . ,  th e  i d e n t i t y
m a tr ix  o f  Œ ,(n ) . S in c e  A a lw ay s commutes w ith  i t s e l f  we have
e ^ e "^  = = e ( 0 )  = I .
B u t t h i s  m eans eA h as  an  i n v e r s e ,  nam ely e “^ .  Hence e A € (3 j(n ) .
Theorem 3 . k t  e^ = l im ( l+ A /n )^  f o r  a l l  A ^ M (n ).
P ro o f :  R e c a l l  l im ( l+ A /n )^  = g^im > T  (^ )  A ^ /n^  and e^ = y~[  A ^ /k  !
r= o  k=0
We s e t
P (n ) = y i A ^ / k !  
k=0
R (n) = A ^/k !
K=n+1
Then = P (n ) + R (n ) .
L e t  T(m) = (l+A/m)™ and f o r  m > n  d e f in e
D (m ,n) = "> ( (k)A ^/m ^ = JEi-----  A ^/k! and
k=0 k =0 m (m -k) Î
E (m ,n) = ^  ^  (k)A k/m ^. 
k=n+ l
Then T(m) = D (ra,n) + E (m ,n ) . F o r  t h e  t e s t  o f  t h i s  p ro o f  we s h a l l  u s e  
th e  symbol |A j t o  d e n o te  th e  maximum o f  t h e  a b s o lu te  v a lu e s  o f  th e  co ­
e f f i c i e n t s  o f  A.
L e t  '*7>0. Then s in c e  ^  ^A ^/k ! c o n v e rg e s  u n ifo rm ly , i t  fo l lo w s  
t h a t  t h e r e  e x i s t s  an  N su c h  t h a t  f o r  any i n t e g e r  q
A ^/k !
k=N
f o r  a l l  A i n  some com pact n e ig h b o rh o o d  o f  t h e  z e ro  m a tr ix  i n  M (n ).
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= K ’ m! k 
(m -k)!k!m K < 1
when m = N+q. Hence f o r  g iv e n  t h e r e  e x i s t s  an N su ch  t h a t  f o r
a l l  k > N  and a l l  m > k  we have  |T (m )-D (m ,n) = E (m ,r^ j< £ /3 . L e t  N b e  
su c h  t h a t  i f  n > N , th e n  jeA -P(n) |< -£ /3 .
Now ta k e  n f i x e d ,  n > N  and ra > n  su c h  t h a t  |p (n )-D (m ,n ) < € / 3 .  
We can  do t h i s  s in c e
P (n )-D (ra ,n )
n
n
A V k ! -  A ttlj AVkJ
A V k l 1- m;
a  sum w hich  can  b e  made a s  s m a ll  a s  we l i k e  by t a k in g  m l a r g e  enough. 
From th e  above  i n e q u a l i t i e s  we o b ta in
[e^~T(m) j * ]D (m ,n )-T (m )+ eA -P (n )+ P (n )-D (m ,n ) 
|D (m ,n-T(m )j + |eA -P(n)j + P (n )-D (ra ,n ) | <
6 / 3  +  6 / 3  +  6 / 3  = 6 *
T h is  i n e q u a l i t y  e s t a b l i s h e s  th e  th eo re m .
Theorem 3 .5 : I f  A ,B € M (n ) , th e n  e^"^^ = l i i ^ ( e ^ / “  gS/mym^
P re o f :  L e t  P(m) = e®'™ (A /m )^ /k I ^  ^ (B /m )^ /k l
k= 0 k=0
I+A/ra+ X I  (A /m )7 k l
k=2 J
I+B/m+ X 7 (B /m )7 k I  
k=2
« I  + A/m + B/m + c/m ^.
C i s  a  m a tr ix  w hich  d ep en d s upon A, B and ra, b u t  i s  su c h  t h a t  t h e  m axi­
mum o f  th e  a b s o lu te  v a lu e s  o f  t h e  c o e f f i c i e n t s  o f  C i s  bounded . The 
boundedness o f  C f o l lo w s  from  th e  u n ifo rm  c o n v erg en ce  o f  th e  suras.
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Now f o r  m > k ,  we have
( P ( „ ) ) “  .  ( I  *  .  g  ( g ) ( ^  .
= Q (m ,r) + R ( ra ,r ) ,  s a y .
We know t h a t  = l i r a  ( I  +fil—̂oo m
L e t T(m) = ( l  + â ^ ) ^ .  Then i f  ra > r ,  we have
T W  -  £  ( B ) ( A ^ ) ' '  -  f z
k=0 ® k = r+ l ^
= D (m ,r) + E (m ,r ) .
We a g a in  raake u s e  o f  th e  c o n v e n tio n  t h a t  |A | d e n o te s  th e  m axi­
mum o f  th e  a b s o lu te  v a lu e s  o f  th e  c o e f f i c i e n t  o f  A. Then g iv e n  6 > 0 , 
t h e r e  e x i s t s  an  M su c h  t h a t  i f  m > r >  M we have
1) ^P(ra))M  -  Q (m ,r)[ <  ^ /k ,  and
2) |D (m ,r) -  T(ra)| <  ^/h.
F u r th e rm o re , f o r  f i x e d  r  t h e r e  i s  an  N so  l a r g e  t h a t  i f  m > N we have
3 ) |Q (m ,r) -  T)(m ,r)[ < -^/U, and
W  |T(m) -  eA+Bj <  £ /l,.
T o r  th e  moment we d e f e r  t h e  p ro o f s  o f  th e s e  a s s e r t i o n s  and assum e su ch  
M and N e x i s t .  Then
|(P(m))™ -e^^® « j (P(ra))'"-Q (m ,r)+D (m )-T (ra)+Q (m ,r)-D (m ,r)+ T (m )-e^^®  1̂
|CP(m))”‘-Q (m ,r) | + |D (m ,r)-T (m )| + |Q (ra ,r ) -D (ra ,r ) | + |T(m)-e^'*'®| ,
w henever ra i s  s u f f i c i e n t l y  l a r g e .
We now show t h a t  an  M and N e x i s t  su ch  t h a t  th e  i n e q u a l i t i e s
1 ) ,  2 ) ,  3 ) and Ij.) h o ld .  U) fo l lo w s  from  th eo re m  3 .U . The p ro o fs  o f  
th e  i n e q u a l i t i e s  l )  and  2 ) a r e  a n a lo g o u s , so  we s h a l l  o n ly  show l )  i s
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v a l i d .  S in c e  |D (m ,r) -  T(m) 
s u f f i c i e n t l y  l a r g e .
S2
R (m ,r) , we show R (m ,r) <  </U f o r  M
|r (
m
m = Z Z Z  (fc) ^  (A+B4C/m)’ 
k = r+ l “




m (m -l) . . . (m-k+1 ) ^
m"
1 , i f  m > k > 0 ,
Hence
|R (m ,r) | 4  I >  ^ (A+B+C/m)^/k!
'k= r+ l
Now s in c e  (A+B+C/m)k! co n v erg es  u n ifo rm ly , i t  fo l lo w s  t h e r e  i s  an 
k=o




T ak in g  M » p ,  we have |R (m ,r)[ <  ^/h a s  a s s e r t e d .  
Now
Q (m ,r)-D (ra ,r) n  (g )  l/.f(A + B + C /m )k_  2 :  (g ) 
k*0 k-0  *
Z  (k ) (A+B+C/m)^-(A+B)^
k=0
C le a r ly  t h i s  e x p re s s io n  can be  made l e s s  th a n  ^/k  by f i x in g  r  and 
c h o o s in g  m s u f f i c i e n t l y  l a r g e .  T h is  co m p le te s  th e  p ro o f  o f  th e  th eo rem .
¥ e  s h a l l  now s t a t e  an i m p l i c i t  f u n c t io n s  th eo rem  w hich w i l l  be  
u se d  i n  th e  th eo rem s t h a t  f o l lo w . The theo rem  i s  a s ta n d a rd  r e s u l t  
from  a n a l y s i s  and so  i t s  p ro o f  w i l l  b e  o m it te d ;  th e  r e a d e r  i s  r e f e r r e d  
to  [ l l ]  f o r  a  p r o o f .
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Theorem ( i m p l i c i t  f u n c t i o n ) . L e t  Xg, . . x „ ) b e  n f u n c t io n s
o f  n r e a l  v a r i a b l e s  x ^ , x g , . . x „ , a l l  a n a l y t i c  o f  x^ = 0 , i  = 1 ,
2 , . • . ,  n . Suppose t h a t  th e  J a c o b ia n
) ■̂2  ̂ * * * ) f  ̂
 -----  — ) 7 0̂ a t  Xi = 0 ,  i  = 1 , 2 , . . n .
1 * 2* *
Then th e  e q u a t io n s ,
y i  -  f±  (x q , Xg, , . . ,  x ^ ) ,  i  = 1 , 2 , . . n , 
can be  s o lv e d  i n  some n e ighbo rhood  o f  x^ = 0 , 1 = 1 , 2 , . . n , i n  
te rm s  o f  t h e  x i ' s .  T h a t i s
Xi ™ Si(y% ) yg f . • », y ^ ) ,  i  = l ,  2 , . . », n , 
w here th e  f u n c t io n s  a r e  a n a l y t i c .
Theorem 3 .6 : L e t  Z b e  a  bounded neighbo rhood  o f  th e  z e ro  m a tr ix  i n  M(n)
L e t  Xj^j b e  t h e  c o o rd in a te s  o f  A £ Z  and y ^ j  = ^ij^x^-j^, x ^ g , . . . x^^) 
b e  th e  c o o rd in a te s  o f  e ^ . Then th e  J a c o b ia n
, , ^ 11» ^12» '»  ^nn\
=11 '  =12 '  * • =nn
a t  Xj_j = 0 f o r  i , j  = 1 , 2 ,  . . », n .
P ro o f :  To c a l c u l a t e  each  o f  th e  n^ te rm s  d x ^ ^  a t  th e  o r i g in  we
l e t  a l l  t h e  x^^ « 0 ,  e x c e p t o n e , say  x ^ ^ . Then th e  c o o rd in a te
V t s  -  <Jrs * * Sk=2
w here th e  f u n c t io n s  a r e  p o ly n o m ia ls  i n  x ^ ^ . T ak ing  th e  p a r t i a l
d e r i v i t a v e s ,  i t  i s  c l e a r  t h a t
3 7 1 1 .  d j i a . 1 i f  r  = 1 and s  = j
a x j .g  a x p g  I  0 o th e rw is e  
when th e  p a r t i a l  d e r i v a t i v e s  a r e  e v a lu a te d  a t  x^g = 0 , Hence th e
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2 2J a c o b ia n  a t  t h e  z e ro  m a t r ix  i s  s im p ly  th e  d e te rm in a n t  o f  th e  n x  n 
i d e n t i t y  m a t r ix ,  and so e q u a ls  1 .
C o r o l la r y : T here  i s  a  com pact n e ig h b o rh o o d  o f  t h e  z e ro  m a tr ix  i n  M(n)
w hich  i s  mapped t o p o lo g i c a l ly  o n to  a  n e ig h b o rh o o d  o f  I  by  t h e  exponen­
t i a l  map.
I f  A £ M (n ) , th e  c o l l e c t i o n  o f  a l l  tA , w here t  i s  a  r e a l  p a ra m e te r ,  
i s  a  o n e -p a ra m e te r  su b g ro u p  A ( t )  o f  M (n). I n  f a c t ,  i f  s , t ^  R, th e n  
sA 4- tA = ( s  + t )A .
Theorem 3 .7 : O n e -p a ra m e te r  su b g ro u p s o f  M(n) c o rre sp o n d  o n e -p a ra m e te r
su b g ro u p s  o f  C2.(n) u n d e r  th e  e x p o n e n t ia l  m apping.
P roof: L et s  and t  be r e a l and suppose A&M(n).  Then
e® ^ e^  = ( A  s % V k l ) ( £  t V / k î )
k=0 k=0
* XZ A ^ (s^ tV r.'C k -r) I)
k=0 r=0
^ +^k/^ ., _ J s + t ) k
k=0
= y  ' A ( s  + t ) ^ / k !  = e
I n  M(n) e ac h  e le m e n t A h as o n ly  one m^^ r o o t ,  nam ely A/m. S in c e  
t h e  e x p o n e n t ia l  m apping i s  o n e - to -o n e  on some n e ig h b o rh o o d  TJ o f  t h e  z e ro  
m a t r ix ,  i t  f o l lo w s  t h a t  e ach  e lem en t e^ i n  th e  im age 7  o f  U h as  one  and 
o n ly  one m^^ r o o t  i n  7  f o r  e a c h  ra. Thus t h e r e  a r e  no n o n - t r i v i a l  o n e -  
p a ra m e te r  su b g ro u p s  o f  (3L(n) w hich  i n t e r s e c t  7  o th e r  th a n  th e  o n es  we 
g e t  a s  im ages o f  t h e  su b g ro u p s  A ( t )  i n  M (n).
L e t  M(n) = L* + L ” b e  a  d i r e c t  d e c o m p o s itio n  o f  M(n) i n t o  com­
p le m e n ta ry  l i n e a r  s p a c e s  o f  d im e n sio n  n ’ and n ” , r e s p e c t i v e l y ,  w here 
n* + n" = n ^ . L e t  A ^, k  « 1 ,  2 , . . . ,  n “ b e  a  b a s i s  f o r  L ' and l e t
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Ajç, k * n ’ + l ,  . . n ^ b e a  b a s i s  f o r  L ” . Then e v e ry  m a tr ix  A €M (n)
h a s  a  u n iq u e  e x p re s s io n  i n  t h e  fo rm :
n '+ l  n^ .
A « > * t ,  A. + ^  ' t .  A, , t ,  a r e  r e a l  p a ra m e te r s .
k = l ^ k=ni + l  ^
T h a t t h i s  i s  p o s s ib l e  i s  e s s e n t i a l l y  w hat I s  m eant by  s a y in g  L ’ and L"
a r e  co m p lem en ta ry . L e t U b e  t h e  n e ig h b o rh o o d  o f  t h e  z e ro  m a tr ix  on
w hich  t h e  e x p o n e n t ia l  map i s  a  homeomorphism, and l e t  V be  th e  im age
o f  Ü u n d e r  t h i s  map. L e t  b e  a  n e ig h b o rh o o d  o f  I  i n  (Z,(n) su ch  t h a t  
2
and l e t  b e  t h e  in v e r s e  im age o f  7^  u n d e r  th e  e x p o n e n t ia l  map. 
C le a r ly  U. Now, i f  A 'fi-U^O L ' and A ^ e U ^ O L ” , th e n  e ^ 'e  7 ^ ,  and
A” A* A” A A I  A M
e 6  7 ^ .  Hence e e  6  7  and  t h e r e  i s  some a e  U su ch  t h a t  e  = e e .
Theorem  3 . 8 : S uppose G i s  a  l o c a l l y  com pact g roup  and t h a t  f  i s  a
o n e - to -o n e  c o n tin u o u s  homomorphism o f  G i n t o  some G L (n). Then t h e r e
i s  a  l i n e a r  su b sp a c e  L ' o f  M(n) and a  com pact sym m etric  n e ig h b o rh o o d  
7* o f  th e  i d e n t i t y  o f  G su c h  t h a t  [ f  (x )  j x e 7 ’J  = exp (L ’H IJ ) ,  w here 
U i s  a  n e ig h b o rh o o d  o f  th e  z e ro  m a tr ix  i n  M(n) on w hich  th e  e x p o n e n t ia l  
map i s  a  hom eom orphism .
P ro o f :  We s h a l l  d e n o te  [ f ( x ) |  x ê a ]  by  f ( A ) ,  and ^e*^ x £ U ^  b y  exp TJ.
S in c e  exp U i s  a  n e ig h b o rh o o d  o f  I  and f  i s  c o n tin u o u s ,  t h e r e  i s  a  
com pact sym m etric  n e ig h b o rh o o d  7  o f  1 i n  G su ch  t h a t  f ( 7 )  Ç. exp TJ,
S in c e  7  i s  co m p act, CZ.(n) i s  Tg and  f  i s  o n e - to - o n e ,  f  r e s t r i c t e d  t o  
7  i s  a  homeomorphism. I f  7  i s  d i s c r e t e ,  th e n  so  i s  f ( 7 ) .  F o r  t h i s  
c a s e  we t a k e  L* to  b e  th e  z e ro  m a t r ix  and 7" = [ ij  and th e  th eo re m  i s  
p ro v e d .
We now assum e 7  i s  n o t d i s c r e t e  so  t h a t  f ( 7 )  i s  n o t d i s c r e t e .  
S in c e  f ( 7 )  i s  com pact t h e r e  i s  a  se q u en c e  A ^, Ag, . , . . o f  d i s t i n c t
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e le m e n ts  o f  f(V ) c o n v e rg in g  t o  I .  By th eo rem  3 -7  each  b e lo n g s  to  
a  one  p a ra m e te r  su b g ro u p  A ^ ( t)  w h ich  i n t e r s e c t s  t h e  bo u n d ary  o f  exp U. 
Thus t h e r e  i s  a  se q u en c e  k ^ , k g , . . . . o f  i n t e g e r s  su c h  t h a t
and ^  f ( V ) , f o r  i  -  1 ,  2 , . . .  .
S in c e  f(V ) i s  com pact and t h e  seq u en ce  i s  i n  f ( V ) ,
h a s  a  c o n v e rg e n t su b se q u e n c e . We s h a l l  r e - in d e x  t h i s  s u b s e ­
q u en ce  and d e n o te  i t  by  . L e t b e  t h e  e le m e n t o f  f(V ) t o
w hich  c o n v e rg e s . S in c e  ^A ^^converges t o  I ,  i t  fo l lo w s
a l s o  c o n v e rg e s  t o  A*. S in c e  t h e  i d e n t i t y  o f  G i s  an i n t e r i o r  p o in t  
o f  V and  A* i s  a  p o in t  i n  th e  b o u n d a ry  o f  f ( V ) ,  i t  f o l lo w s  A * 3̂ 1 .
Then A* b e lo n g s  t o  a  u n iq u e  one p a ra m e te r  su b g ro u p  A * ( t)  w hich  we 
su p p o se  t o  b e  " n o rm a liz e d ” so  t h a t  A * ( l)  = A *. We f u r t h e r  su p p o se  
t h a t  th e  p a ra m e te r  o f  e ac h  o n e -p a ra m e te r  su b g ro u p  A ^ ( t)  i s  so  n o rm al­
iz e d  t h a t  A ( l )  = A ^ n ;  th e n  A ( l / k  ) = A . n n &JL li
We d e n o te  by L* t h e  s e t  o f  e le m e n ts  B&M (n) su c h  t h a t  i f  B 6 L ' , 
e ^ ^ C f (G )  f o r  some r e a l  t .  Then t h e r e  i s  a  maximum t ’ > 0 su ch  t h a t  
e^  ^6  f(V ) and e^® € f(V ) f o r  a l l  t  su c h  t h a t  - t ' 4  1 4 1 * . The e le m e n t 
e ^ 'B  i g  a  member o f  t h e  b o u n d a ry  o f  f ( 7 ) .  T h u s, s in c e  t h e  z e ro  m a t r ix  
b e lo n g s  to  L* and e^®^ = l 5«£e^’B, L ’ i s  n o n - t r i v i a l .  I f  B € L * ,  c l e a r l y  
x B 6 L* f o r  e v e ry  r e a l  x .
Now su p p o se  B , B ' € L ’ ,  th e n  e^® and e^® ' a r e  members o f  f(V ) f o r  
| t | < c  w here c i s  some p o s i t i v e  c o n s t a n t .  We w i l l  show B + B ’ £ L ' ,
F o r  a l l  n s u f f i c i e n t l y  l a r g e ,  th e  e le m e n ts  e^/^^eB w hich  we d e n o te  
by  Bji, b e lo n g  to  f  (V ). C le a r ly  t h e  se q u en c e  [B ^  ] c o n v e rg e s  t o  I .  S in c e  
e^  ^  * lim ^ i f  B^ * I  f o r  i n f i n i t e l y  many n ,  i t  f o l lo w s
t h a t  eB'*'® = I  and B+B* **0 .  I n  t h i s  c a s e  B+B' i s  s u r e ly  i n  L * . We now
su p p o se  t h a t  8 ^ 1̂  I .  I t  th e n  f o l lo w s ,  a s  i n  a  p r e v io u s  a rg u m en t, t h a t
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t h e r e  i s  a  se q u en c e  o f  I n t e g e r s  su c h  t h a t  some su b seq u en ce  o f
{ c o n v e rg e s  to  an  e le m e n t Then B* b e lo n g s  t o  a  o n e -p a r a ­
m e te r  su b g ro u p  B ^ ( t ) ,  and B * ( t)  G f(V )  f o r  | t | c j  when th e  p a ra m e te r  t  
i s  s u i t a b l y  n o rm a liz e d . I f  n f o r  i n f i n i t e l y  many v a lu e s  o f  N, 
t h e n ,  f o r  th o s e  v a lu e s ,  (e®'^*^e® ^ ’̂ ) ’̂ £ f ( V ) .  T h e re fo re ,  e®^®*6 f ( v )  
and th e  one p a ra m e te r  su b g ro u p  @(B+B*)t c o in c id e s  w ith  B # ( t)  n e a r  I .
I n  t h i s  c a s e  i t  f o l lo w s  B+B’ é L " .  I f  < n th e n  |k ^ /n ^  i s  a  bounded 
se q u en c e  o f  r e a l s  and h en ce  h as  a  c o n v e rg e n t su b se q u e n c e . ¥ e  d e n o te  
t h i s  c o n v e rg e n t su b se q u e n c e  by  . L e t  k  b e  th e  l i m i t  o f  t h i s
s e q u e n c e ; c l e a r l y  k  ^ 1 .  We s e t
®m = (kn/m )B  and B '^  = (kg /m )B '
Then
l im  (eG /% B '/m )km  ^
,  g (k (B + B ')
A gain
g tk ( B + B ') ^ ^ ( y )  f o r  I t k l ,
T h e re fo re  B+B’ 6.L* i n  t h i s  c a s e  a l s o -  Thus L* i s  a  l i n e a r  s p a c e .
L e t  L" d e n o te  t h e  com plem entary  l i n e a r  sp a c e  o f  L* i n  M (n ).
We ch o o se  a  b a s i s  ^B ^, B2 , . . . ,  B^^,^ f o r  L ' and a b a s i s  [ S n '+ l '
. . . ,  f o r  L " . The u n io n  o f  th e  two b a s e s  i s  a  b a s i s  f o r  M(n) .
L e t  U * ( c ) G n  b e  th e  s e t  o f  e le m e n ts  A s a t i s f y i n g
n^
A “ ZZ \ \ \  4  0 .
k * l
C hoose c > 0 a s  f o l lo w s :  F i r s t  ch o o se  c so  t h a t ,  i f  k éU -^(c)  th e n
eA = eA'eA , w here A ' C L ' O  U and A" &L" AB,  S e c o n d ly , t a k e  c so  s m a ll  
t h a t  e ^ ^  b o u n d a ry  f ( V ) ,  f o r  a l l  A €  tR^(c) . Then i f  ( t  K  | , e ^ ^  b o u n d a ry
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f ( V ) .  T ake W  to  b e  U *(c) f o r  su ch  a  c .
L e t  W^GEL(n) d e n o te  th e  im age o f  L 'H lPs- u n d e r  t h e  e x p o n e n t ia l  
map. I t  f o l lo w s  a t  once  from  th e  c h o ic e  o f  C t h a t  W £ f ( V ) .  S in c e  
t h e  z e ro  m a tr ix  i s  i n  U^s-nL', i t  f o l lo w s  I& W . Thus I €. f “^(W ).
We need  t o  show f ”^(W) i s  a  n e ig h b o rh o o d  o f  th e  i d e n t i t y  i n  G. 
T h is  i s  e q u iv a le n t  t o  p ro v in g  t h a t  i f  i s  a  seq u en ce  i n  f(V ) con­
v e rg in g  t o  I j  th e n  e ^ n e w  f o r  l a r g e  enough n . The c o rre s p o n d in g  s e ­
q u en ce  c o n v e rg e s  t o  t h e  z e ro  m a tr ix  i n  M( n) .  T hus, f o r  n s u f f i ­
c i e n t l y  l a r g e ,  A ^6 IT* and e^^  = *^e  ̂ ^ f o r  s u i t a b l e  A ’^^W^-OL* and
TJ^Hl " . F o r  any c o n v e rg e n t su b seq u e n ce  o f  { a *^^ th e  c o r re s p o n d in g  
su b seq u e n ce  o f  [A "^ ] c o n v e rg e s  and b o th  su b se q u e n c e s  c o n v erg e  t o  th e  
z e ro  m a t r ix ;  t h i s  i s  t h e  o n ly  e le m e n t common t o  L ’ and L ” . S in c e  [ e ^ ^ ]  
and a r e  i n  f (T )  and b o th  c o n v erg e  t o  I ,  i t  f o l lo w s  Je^ r i j i s  i n
f ( V)  f o r  l a r g e  n . We s e t  = e^ f o r  a l l  n .  I t  f o l lo w s ,  a s  i n  a  
p re v io u s  a rg u m e n t, t h a t  t h e r e  i s  a  se q u en c e  o f  pow ers a l l  i n
f ( V ) . T h is  d e f in e s  a  n o n - t r i v i a l  o n e -p a ra m e te r  su b g ro u p  D ( t )  su c h  t h a t  
D ( t )  - f ( V ) ,  f o r  i t l ^ J  w ith  t h e  p a ra m e te r  t o  s u i t a b l y  n o rm a liz e d . B u t, 
t h i s  t im e ,  D (t)  i s  t h e  im age o f  e le m e n ts  i n  L" and t h i s  i s  a  c o n t r a ­
d i c t i o n .  We t a k e  f “^(W) = V ,  a s  t h e  n e ig h b o rh o o d  r e q u i r e d  by  t h e  
th e o re m . T h is  c o m p le te s  t h e  p r o o f .
Theorem  3 .9 : Suppose G i s  a  l o c a l l y  com pact g ro u p . I f  t h e r e  i s  a
c o n tin u o u s  o n e - to -o n e  map f  o f  G i n t o  some GL(n) ,  th e n  G i s  a L ie  g ro u p . 
P ro o f :  We ta k e  W,f*"^(W), U* and L ’ a s  i n  th eo rem  3 .8 .  L e t  A, B , C€TJ^ 
b e  su c h  t h a t  e ^ , e®, e^€.W  and eAe® = e ^ .  L e t  a ^ ,  b ^ ,  and c ^ ,
O
k  «  1 ,  2 , . . . ,  n ,  b e  th e  c o e f f i c i e n t s  o f  A, B and G, r e s p e c t i v e l y .
The c o e f f i c i e n t s  o f  eA and e® a r e  a n a l y t i c  f u n c t io n s  o f  t h e  c o e f f i c i e n t s
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and r e s p e c t i v e l y .  The c o e f f i c i e n t s  o f  C a r e  l i n e a r  f u n c t io n s
o f  t h e  c o e f f i c i e n t s  o f  A and B. The c o e f f i c i e n t s  o f  e*̂  a r e  a n a l y t i c
r*f u n c t i o n s  o f  t h e  c o e f f i c i e n t s  o f  C. S in c e  t h e  c o e f f i c i e n t s  e a r e
Ab i - l i n e a r  f u n c t io n s  o f  t h e  c o e f f i c i e n t s  o f  e and e , i t  f o l lo w s  t h e  
c o e f f i c i e n t s  o f  e^ a r e  a n a l y t i c  f u n c t io n s  o f  t h e  c o o r d in a te s  a^  and 
bjj-. Thus G i s  a  L ie  g ro u p .
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CHAPTER 17 
PONTRJAGIN'S THEOREM
I n  t h i s  c h a p te r  we raake u s e  o f  t h e  r e s u l t s  o f  C h a p te rs  I I  and 
I I I  t o  p ro v e  a  th eo re m  due t o  P o n try a g in  w hich  s t a t e s  t h a t  l o c a l l y  com­
p a c t  A b e l ia n  g ro u p s  a r e  L ie  g ro u p s . L e t  G b e  a  t o p o lo g ic a l  g ro u p . G 
i s  s a i d  t o  have  a  r e p r e s e n t a t i o n  i n  c a s e  t h e r e  i s  q n o n - t r i v i a l  c o n t in ­
u o u s homomorphism h o f  G i n t o  some GL(n) .  C le a r ly  t h e  im age h(G) o f  G 
i n  Gli(n) i s  a  su b g ro u p  o f  GL(n) .  A t o p o lo g i c a l  g roup  G i s  s a id  to  
have  a  c o m p le te  sy s te m  o f  r e p r e s e n t a t i o n s  i n  c a s e  f o r  e v e ry  a é G ,  aJt I., 
t h e r e  i s  a  r e p r e s e n ta t i o n  u n d e r  w hich  a  d o es  n o t go i n t p  th e  i d e n t i t y
t
m a t r ix .
L e t  G and G* b e  two t o p o lo g i c a l  g ro u p s . ¥ e  sa y  G and G’ a r e  
l o c a l l y  iso m o rp h ic  i n  c a s e  t h e r e  a r e  n e ig h b o rh o o d s  V and 7* o f  t h e  
i d e n t i t i e s  o f  G and G>, r e s p e c t i v e l y ,  and a  m apping f  su ch  t h a t
1 ) f : 7 —» 7 ' i s  a  homeomorphism ( t h a t  i s  f  r e s t r i c t e d  t o  7  i s  a
homeomorphism o f  7  o n to  7 ' ) .
2)  I f  x , y e 7  and  x y e 7 ,  th e n  f ( x ) f ( y )  = f  ( x ,y )  5 7 ' .
A to p o lo g ic a l  g roup  G i s  s a id  t o  have s m a ll  su b g ro u p s  i n  c a s e  
e v e ry  n e ig h b o rh o o d  o f  t h e  i d e n t i t y  c o n ta in s  an e n t i r e  n o n - t r i v i a l  su b ­
g ro u p . C o n v e rse ly  we s a y  t h a t  G had no sm a ll  su b g ro u p s  i f  t h e r e  i s  a  
n e ig h b o rh o o d  o f  t h e  i d e n t i t y  w hich  c o n ta in s  no n o n - t r i v i a l  su b g ro u p s .
Theorem  ^ . 1 : L e t  G b e  a  com pact g roup  and l e t  a  b e  an  a r b i t r a r y  e l e ­
m ent o f  G, a # I . Then t h e r e  i s  a  r e p r e s e n t a t i o n  o f  G i n  w hich  a  i s
n o t  mapped i n t o  t h e  i d e n t i t y  m a tr ix  I  o f  GL(n) .
60
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P ro o f :  L e t  TJ b e  a  sym m etric  n e ig h b o rh o o d  o f  I su ch  t h a t  a ^ U ^ .  L e t
f  b e  a  n o n -n e g a t iv e  c o n tin u o u s  f u n c t io n  su ch  t h a t  f ( l )  = 1 ,  0 4 f ( x ) <  1 
f o r  x e G  and f ( x )  = 0 f o r  XfLu.  L e t  k(w ) = f ( w)  + f ( w " ^ ) .  Now d e f in e  
th e  f u n c t io n  g (x )  by
g (x )  = J  k ( x " ly ) f ( y ) d y .
Then
g ( | )  = J k ( |  y ) f ( y ) d y  = J  ( f  ( y ) + f  Cy“^ ) ) f  (y )d y  = J ( f ( y ) ) ^ d y
+ J f  C y)f(y"^)dy > J ( f  (y ) )  ^dy > 0 .
F u r th e rm o re , i f  x ^ U ^ ,  th e n
g (x )  * J k ( x ”V ) f ( y ) d y  = 0 . T h e re fo r e ,  g (a " ^ x )  ^  g (x )  .
I n  a c c o rd a n c e  w ith  th eo re m  2 .8  we w r i t e  g (x )  a s  a  u n ifo rm ly  con­
v e rg e n t  s e r i e s  o f  e ig e n f u n c t io n s  f.j^, f ^ ,  f ^ ,  . . . o f  th e  p r e s e n t  k e r ­
n e l ,  t h a t  i s
g M  = C  f i ( x ) .
i = l
S in c e  t h e  s e r i e s  i s  u n ifo rm ly  c o n v e rg e n t i t  f o l lo w s  t h a t
g(a"^) = X I  f i ( a " ^ x ) .
1=1
Now s in c e  g (a " ^ x )  9̂  g ( x ) , i t  f o l lo w s  t h a t  a t  l e a s t  one e ig e n f u n c t io n ,  
s a y  f ^ ,  i s  su c h  t h a t  fjj^(a“^ x ) 7̂  f^ ^ (x ) ,
L e t  fm%, fm g, . . . ,  fm^ b e  ,a m axim al s e t  o f  l i n e a r l y  in d e p e n ­
d e n t  e ig e n f u n c t io n s  w hich c o rre sp o n d  to  t h e  same e ig e n v a lu e  a s  fm . We 
r e - in d e x  t h i s  s e t  and w r i t e  t h e s e  f u n c t io n s  a s  f^^, f g ,  . . . ,  f ^ .  We 
o r th o g o n a l iz e  and n o rm a liz e  t h e  s e t  ^ f ^ ,  f g ,  . . ,  f ^ ^  a s  i n  t h e  r e ­
m arks p re c e d in g  th eo re m  2 . 6 .  T hen, by  th eo rem  2 . 6 ,  ^ f^ ,  f g ,  . . . ,  f ^ ^  
fo rm s a  n o rm a l-o r th o g o n a l b a s i s  f o r  an  n -d im e n s io n a l  v e c to r  sp a c e
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o v e r  t h e  r e a l s .  A c co rd in g  t o  th eo re m  2 ,9  and th e  rem ark  fo l lo w in g  i t ,
G a c t s  a s  a  t r a n s f o r m a t io n  g roup  on 7^.  S in c e  t h e  m a t r ix  c o r re s p o n d in g  
t o  a  t r a n s f o r m a t io n  i s  d e te rm in e d  a s  soon  a s  t h e  a c t io n  on each  b a s i s  
e le m e n t i s  known, t h i s  g iv e s  th e  d e s i r e d  r e p r e s e n ta t i o n  o f  G a s  a  su b ­
g ro u p  o f  G0L(n). The k e r n e l  o f  t h i s  r e p r e s e n ta t i o n  o f  G i n  GL(n) i s  
t h e  s e t  o f  e le m e n ts  u  o f  G f o r  w hich  fp^(u“^x) -  f^C x) and a  i s  n o t  i n  
t h i s  s e t .
Theorem  L . 2 : L e t  G b e  a  com pact g ro u p . L e t  U b e  an a r b i t r a r y  open
n e ig h b o rh o o d  o f  I . Then t h e r e  i s  a  c lo s e d  norm al su bg roup  N c o n ta in e d  
i n  U su c h  t h a t  G/N i s  iso m o rp h ic  t o  a  su b g ro u p  o f  some C3L(n). Hence 
G/N i s  a  L ie  g ro u p .
P ro o f :  L e t  x€.G -U  and l e t  N„ b e  a  c lo s e d  no rm al su b g ro u p  su ch  t h a t
x ^ N ^ .  S in c e  G-U i s  com pact and  i s  c lo s e d ,  t h e r e  i s  a  f i n i t e  s e t
Ao f  su c h  N su c h  t h a t  f y  N . QlT, We d e n o te  t h e s e  su b g ro u p s  by  No,
i = l
n
. . . ,  Nn s e t  N = O  ^ i*
i = l
L e t E|^, k = 1 ,  2 ,  . . . ,  n ,  d e n o te  E u c lid e a n  sp a c e s  su ch  t h a t  
G/Njç i s  iso m o rp h ic  t o  a  l i n e a r  t r a n s f o r m a t io n  g ro u p  on Ej^, L e t 
E = X Eg X . . . The a c t io n  o f  each  e le m e n t o f  G upon E i s
d e te rm in e d  b y  i t s  a c t i o n  on each  f a c t o r  E ^. Thus G/n i s  iso m o rp h ic  t o  
a  su b g ro u p  o f  some CE.(n) and  N SU  a s  a s s e r t e d .
C le a r ly  i f  G i s  a  com pact g roup  w hich  h as  a  n e ig h b o rh o o d  o f  / 
t h a t  c o n ta in s  no n o n - t r i v i a l  su b g ro u p , th e n  G i s  i t s e l f  a  L ie  g ro u p .
Theorem U . j : L e t  G b e  a  l o c a l l y  com pact A b e lia n  g ro u p . L e t  TJ b e  a
com pact sym m etric  n e ig h b o rh o o d  o f  / and l e t  H b e  t h e  su b g ro u p  o f  G 
g e n e ra te d  b y  U. Then H c o n ta in s  a  d i s c r e t e  su b g ro u p  D w ith  a  f i n i t e
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o f  g e n e r a to r s  su c h  t h a t  IH/D i s  com pact.
Pï*oofî By th eo rem  1 .3 0  t h e r e  i s  a  f i n i t e l y  g e n e ra te d  su bg roup  A su c h  
t h a t  H » AU. Suppose t h a t  e ach  e lem en t â  ̂ i n  t h e  s e t  a g , . . . aj^^
o f  g e n e r a to r s  o f  A g e n e r a te s  a  com pact g roup  A ^. I n  t h i s  c a se  A i s
com pact s in c e  A = A^Ag • . . A ^, t h a t  i s ,  A i s  a  f i n i t e  p ro d u c t o f  com­
p a c t  s e t s ,  hence  i s  com pact. H ence, H = AU i s  com pact. S in c e  t h e
su b g ro u p  I i s  d i s c r e t e ,  t h e r e  i s  n o th in g  more t o  p ro v e .
We su p p o se  now t h a t  n o t  a l l  t h e  a ^ ,  i »  1 ,  2 , . . . ,  n , g e n e r a te  
com pact g ro u p s . We a r r a n g e  th e  e le m e n ts  a-j ,̂ a g , . . . ,  a^  so  t h a t  th e  
g ro u p  g e n e ra te d  by  th e  f i r s t  k  4 n i s  a  d i s c r e t e  g roup  D and t h a t  i f  
k < n ,  t h e n  f o r  e ach  i ,  k  4 i  4  n , t h e  e le m e n t a^ and D g e n e ra te  a c lo s e d  
su b g ro u p  w hich  i s  n o t d i s c r e t e .
I f  k  = n , th e n  D = A and H = AU = DU. I n  t h i s  c a se  B/B i s  com­
p a c t  s in c e  U i s  co m p ac t, and th e  th eo rem  i s  p ro v e d .
We now su p p o se  k  < n ,  and t h a t  f o r  e ac h  i ,  k < i 4 n ,  i s  n o t  
d i s c r e t e .  The c a n o n ic a l  map f^ sF ^ —*F^/D t a k e s  t h e  seq u en ce  i n t o
a  d en se  s u b s e t  o f  Fj^/D. I t  f o l lo w s  from  th e  c o r o l l a r y  t o  th eo re m  1 .3 2  
t h a t  Fj^/D i s  e i t h e r  horaeom orphic t o  t h e  a d d i t i v e  d i s c r e t e  g roup  o f  
i n t e g e r s  o r  i s  com pact. S in c e  F^/D  i s  n o t  d i s c r e t e  i t  i s  com pact.
Choose a  com pact n e ig h b o rh o o d  W’ -̂  o f  t h e  i d e n t i t y  o f  F ^ , W’^ C F ^ .
Then f . ( W * . )  c o n ta in s  an open s e t  i n  F ./D  and F \/D  may b e  c o v e re d  b y  aX 1 X ^
f i n i t e  s e t  o f  t r a n s l a t e s  o f  f ^(W' j ^) .  T hat i s ,  t h e r e  i s  a  f i n i t e  s u b s e t
E C F . su c h  t h a t  I S.E and F ./D  S f .  ( U  aW’ _. ) .
^ aèE  ^
L e t  Ŵ  * aW \ , th e n  F . G  D% and W. i s  com pact.
aeE  ^ 1 1  1
L e t W b e  th e  p ro d u c t ^k+2 * “ * th e n  W i s  co m p act. By
d e f i n i t i o n  A « ^ k + l^ k + 2  * * ° ^ n ’ ^^k+1 ° '  * ^ n  “ . . .  (DWj.
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S in c e  Q i s  A b e l ia n ,  D(DW^^^) . „ , (DW^) = DW. T h e re fo re  A = DW.
Then H » AU « DHJ. S in c e  MJ i s  com pact, B/B i s  a l s o  com pact. T h is  
c o m p le te s  t h e  p r o o f .
S in c e  I^D i s  com pact, e v e ry  n e ig h b o rh o o d  V o f  th e  i d e n t i t y  o f  
î^D c o n ta in s  a  su b g ro u p  S su c h  t h a t  ( î^ /d ) /S  i s  iso m o rp h ic  to  a  su b ­
g ro u p  o f  some C3i(n).  S in c e  D i s  d i s c r e t e ,  we may choose  V so  t h a t  
VHD = [| ] ,  th e n  V i s  hom eom orphic to  a  n e ig h b o rh o o d  V» o f  th e  i d e n ­
t i t y  i n  H. I t  f o l lo w s  t h a t  t h e  su b g ro u p  3 G7  i s  iso m o rp h ic  t o  a 
su b g ro u p  S ’ o f  H. Then I^DS* i s  a  com pact g roup  and H /S ' i s  c l e a r l y  
l o c a l l y  iso m o rp h ic  t o  I^D S’ . Thus B/S^ i s  a  L ie  g ro u p . T h is  p ro v e s  
t h e  f o l lo w in g  th e o re m .
Theorem  U .5 : L e t  G b e  a  l o c a l l y  com pact A b e lia n  g roup  and l e t  U b e  a
com pact sym m etric  n e ig h b o rh o o d  o f  / . Suppose H i s  th e  su bg roup  gen­
e r a t e d  b y  U. Then e v e ry  n e ig h b o rh o o d  V o f  th e  i d e n t i t y  o f  H c o n ta in s  
a  su b g ro u p  S su c h  t h a t  E /S  i s  a  L ie  g ro u p .
We n o te  t h a t  i f  some n e ig h b o rh o o d  o f  th e  i d e n t i t y  c o n ta in s  no 
su bg roup  o th e r  th a n  th e  i d e n t i t y ,  th e n  H i s  i t s e l f  a  L ie  g ro u p  f o r  H 
i s  iso m o rp h ic  to  H / l .  The fo l lo w in g  th eo re m  i s  c l e a r .
Theorem  L .6 : I f  G i s  a  c o n n e c te d , l o c a l l y  com pact A b e lia n  g ro u p , th e n
e v e ry  n e ig h b o rh o o d  o f  t h e  i d e n t i t y  c o n ta in s  a  su b g ro u p  S su c h  t h a t  G/S 
i s  a  L ie  g ro u p .
I n  c o n c lu s io n  we rem ark  t h a t  th e  r e s u l t s  o f  C h a p te r  IV can  b e  
g e n e r a l i z e d  f u r t h e r .  G leaso n  [U j showed t h a t  l o c a l l y  com pact g ro u p s , 
w h ich  have a  n e ig h b o rh o o d  o f  t h e  i d e n t i t y  t h a t  c o n ta in s  no n o n - t r i v i a l  
su b g ro u p , a r e  L ie  g ro u p s . T h is  c o n s t i t u t e d  a  s o l u t i o n  to  th e  f i f t h  
p ro b lem  posed  by  H i lb e r t  i n  1900 , w h ich  e s s e n t i a l l y  a s k s ,  " I s  c o n d i t io n
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2) o f  d e f i n i t i o n  1 .3 3  re d u n d a n t? "  S in c e  L ie  g ro u p s  a r e  l o c a l l y  com­
p a c t  and have  n e ig h b o rh o o d s  o f  th e  i d e n t i t y  c o n ta in in g  no n o n - t r i v i a l  
s u b g ro u p s , th e  answ er t o  H u b e r t ' s  q u e s t io n  i s ,  a s  G leason  p ro v e d , 
y e s .
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